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I. INTRODUCTION 
A. The Spectra of Solids 
From the beginning of spectroscopy it was realized that the spectrum 
of a material provided a very sensitive means of probing its inner 
structure. For this reason a great deal of effort has been put forth to 
measure and to understand the spectra of matter in the solid, liquid and 
gaseous forms. The study of the visible and ultraviolet spectra of 
solids had a relatively uneventful history during the early years com­
pared to that of gases. A review of the spectral data for solids for the 
previous fifty years was given by Kayser (1) in 1905. The reason for the 
lack of progress in the spectra of solids was that the spectra of nearly 
all familiar solids showed very broad absorption lines. These lines were 
difficult to measure accurately and the fascinating details of gaseous 
spectra were almost entirely obscurred. There were a few solids which 
displayed sharp line absorption spectra. Among these were a few salts 
ot the iron group of metals, salts of the rare earth elements, and some 
salts of other elements characterized by partially filled inner electron 
shells, such as the actinides. Because of the difficulties inherent in 
most solid spectroscopy, it played almost no part in the development of 
spectroscopic theory in the early years. 
After the discovery of the Zeeman effect in 1895 there was a renewal 
of interest in the spectra of solids. In 1907 Becquerel (2,3), Becquerel 
and Onnes (4), and Becquerel, Onnes and de Haas (5) began an extensive 
study of the absorption spectra and magneto-rotary properties of the 
natural minerals of the rare earths. The spectra at low temperatures 
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down to that of liquid helium and at high magnetic fields were examined. 
The early work suffered from the disadvantage that the minerals studied 
usually contained mixtures of two or more rare earths and the spectra 
varied from one sample to another of the same nominally identical material. 
However, the work did attract the attention of other workers to the sharp 
lines in the rare earth salts. 
In 1929 Freed and Spedding (6,7) began a reexamination of the spectra 
of rare earth salts using artificially prepared samples of a definite 
composition. The work expanded as Freed (8), Spedding (9,10,11,12), 
Epcuding and Bear (13,14), Ephraim (15) and many others added to the 
published work. The spectra studied eventually came to include all 
members of tn? lanthanide series which exhibit absorption spectra except 
promethium. Various compounds of these elements were examined. 
The absorptione spectrum of crystalline hydrated erbium ethylsul-
phJte, Er(C2HgSO^)2'9H20, like that of most other rare earth compounds, 
consists of isolated groups of lines called multiplets throughout the 
o-pectrum (see Figure 1). The multiplets are from 100 to 200 wavenumbers 
(cm~^) broad and are separated from each other by gaps of about 1000 to 
2G00cm"^. The sharp lines are strongly polarized and usually split in 
£.n external magnetic field. The number of strong lines in a multiplet 
increased ^izh the temperature of the sample by the addition of new lines, 
usually toward the red side of the multiplet. The lines also tended to 
broaden as the temperature increased. 
The addition of new lines with increasing temperature was caused by 
the changes in the occupation numbers of the levels in the lowest multi­
plet from which all transitions originated (14). The broadening of the 
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Mult. Energy 
(cm'l) 
1 —  0 . 0 0  
2 6474.4 
3 10153. 
4 — 12368.2 
5 15207.73 
6v / 18327.32 
7/ ^ 19086.32 
8 20458.38 
9 >  — 2 2 1 2 1 . 4 1  
ICr ' ^ 22460.95 
11 24504.54 
Mult. Energy 
(cm'f) 
12 , 26347.99 
13 . , 27493.28 
14 ^ 27692.0 
15 27966.60 
16 29895. 
17 31611. 
18 V ^ 33047. 
19 33317. 
20 34071. 
21 34942. 
22 36522. 
23 V 38675. 
24 \ < 39139. 
25 / 39448. 
26 39541. 
27 — 41215. 
28 41780. 
29 ^ ^ 42367. 
30 '' ^ 43617. 
Figure 1. Approximate experimental energies of the multiplet centers of 
erbium ethylsulphates (the lowest level of Multiplet 1 is at 
- 147cm"^ on this scale) 
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lines with temperature was due to two causes, a Doppler broadening of 
lines emitted from ions in vibratory motion, and from variations in the 
electric field about an ion due to motions of the neighboring ligands (7). 
Weaker lines in the multiplets were associated with combination frequen­
cies involving «lactronlc levais and quantized vibration levels In the 
crystals. : 
The number of and position of the multiplets were characteristic of 
the rare earth element under study. The fine structure within a multiplet 
depended on the nature of the ligands. In the case of one rare earth 
element with various ligands the positions of the multiplets remained 
more or less fixed but the energy and often the number of lines in a 
multiplet changed when one ligand was substituted for another. This 
property was useful in spectrographic analysis since it detected and 
identified a rare earth element regardless of the kind of ligand present. 
The first theoretical work was the construction of energy level 
diagrams from the line energy data and the speculations on the origin of 
the levels and the temperature dependence of the lines. Later theoreti­
cal work may be conveniently divided into two parts, first the explanation 
of the multiplets, and second the explanation of the fine structure within 
the multiplets. 
Since the multiplet energies were nearly independent of the ligand 
they were explained by disregarding the presence of the ligand. This was 
justified because the 4f electrons thought to be responsible for the 
spectra were well shielded from the ligands by the filled 5s and 5p shells 
and only weakly sensed the ligand field. The Bohr-Stoner scheme for the 
periodic chart indicated that the electronic configuration for the 
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Isolated rare earth ion was given by the following expression: (16) 
Is^ 2s2 2p^ 3s^ 3p6 3dlO 
4s^ 4p6 4dlO 4fX 5s^ 5p^ . 
In this expression the variable x takes on integer values beginning with 
zero for lanthanum and increasing by one for each member of the rare earth 
series to fourteen for lutetium. The value of x for erbium is eleven. 
In the compounds usually studied the rare earths have tri-valent char­
acteristics and it was assumed that the bonding is strictly ionic. Thus, 
the three electrons beyond the 5p^ shell were removed from the rare earth 
ion and attached to the anions. 
In 1925 Hund (17) showed that the magnetic properties of rare earth 
salts could be explained by applying Russell-Saunders coupling to the 
4f* configurations, neglecting the filled shells of electrons. After his 
success many others applied quantum theory to the 4f* configurations to 
fit the spectral data of the rare earths. The steps used are illustrated 
in Figure 2, not necessarily in chronological order. On the left hand 
side of Figure 2 is a single line representing the 364-fold degenerate 
level which results when the first bracketed term of the Hamlltonlan for 
erbium Is taken into account. This Includes the kinetic energy and the 
screened potential energy terras. Part of the degeneracy is lifted by the 
application of the terms in the braces of the Hamlltonlan, which are the 
unscreened nuclear charge potential energy, the negative of the screened 
potential energy, and finally the term which removes part of the degeneracy, 
the mutual electrostatic repulsion term for all the electrons. States 
which remain degenerate after this point have the same values for L and S, 
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Stage : 
One Two Three Four Five 
•^0(18) 
4fll(364) 
*G(36) 
^ R { 2 Z )  
' * ¥ ( 2 8 )  
*3/: 
[5/2 
(4) 
(6)  
»S(4) 
1(52) 
'3l2 
'9/2 
(4) 
(10) 
'19/2(10) 
'111/2(12) 
113/2(14) 
1-15/2 (16) 
(2 )  
(2 )  
(2)  
(2 )  
(2)  
(2 )  
(2)  
1 2 )  
Figure 2. Stages in lifting the degeneracy of erbium ethylsulphate. 
(Only a part of the 364 levels are shown after stage one and 
they are not drawn to scale. For example, the distance be­
tween multiplets in stage three averages 1000cm"! while the 
total spread of a single multiplet in stage four and five 
was about 200cm~!. The numbers in parentheses give the 
degeneracy of the level) 
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the orbital and spin angular momenta. 
In the next stage the degeneracy is further lifted by including the 
L'S coupling term of the Hamiltonian, States which remain degenerate 
after this point have the same L, S and J. With only the Hamiltonian 
terms which have so far been mentioned, attempts were made to fit the 
multiplet centers using pure Russell-Saunders coupling. The position of 
every multiplet was written as a linear function of three radial integrals, 
Fg, and F^, and the Lande coupling parameter The connections 
between these parameters and the radial wavefunctions is shown in Section 
8^ and Chapter 7 of the Theory of Atomic Spectra (18), from now on referred 
to as IAS, The multiplet centers were usually matched to within 5 to 10% 
of their total spread of about 100,000cm Better results were obtained 
by Bethe and Spedding (19) who showed that it was important to include 
intermediate coupling terms. The intermediate coupling scheme broke down 
the exact meaning of the L and S quantum numbers and prevented multiplets 
with the same J from crossing, by taking into account off-diagonal L'S 
terms. 
Since the fine structure within the multiplets of the rare earth 
elements varied from one anion to another it was natural to relate this 
variation to the electric field present in the vicinity of the 4f electrons 
due to the kind of ligands present and their symmetry around the rare 
earth ion. One of the first suggestions to this effect was made by 
Brunetti and Ollano (20) in 1929. The idea was developed by Bethe 
(21,22) who predicted, by group theory, the number of levels into which 
each multiplet would split in crystal fields of different symmetry. At 
the same time Kramers (23,24) showed that because of the time reversal 
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symmetry of the wave functions an electric field acting on any rare earth 
ion with an odd number of 4f electrons must leave every level at least 
two-fold degenerate. The effect of the crystal field is shown in stage 
four of Figure 2. In the fifth stage of the figure all of the remaining 
degeneracy is lifted by applying a magnetic field. 
As data for the energies anù g-factors of the rare earth levels were 
published, they were used to predict the heat capacity and magnetic 
susceptibility with a theory developed by Hund (17,25,26) and improved 
by Van Vleck and Frank (27). This carries the experimental and theoreti­
cal situation for the rare earths up until the 1940's. 
B. Recent Work on the Absorption Spectra of Rare Earth Solids 
Advances in the theory of the rare earth spectra were made possible 
by a series of papers by Racah (28,29,30,31) from 1942 to 1949. His 
method makes use of the irreducible tensor properties of the states and 
the interaction terms which give rise to the splitting. Another method 
to calculate the crystal field terms, the method of operator equivalents, 
was presented by Stevens (32) in 1952. These two methods are related in 
a way shown in Fano and Racah's book Irreducible Tensorial Sets (33) and 
in Volume II of Slater's Quantum Theory of Atomic Structure (34). Both 
methods have been used by many authors and each has its advantages for 
specific problems. 
As high purity rare earths and better spectrographs became available 
much of the work of the 1930's has been redone. The recent work has 
mostly been devoted to the ethylsulphates and the anhydrous chlorides on 
account of their high symmetry. In the last few years work has also been 
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done on rare earths in various laser hosts such as CaF2 (35) CaWO^ (36) 
and in glasses (37) . 
The visible and ultraviolet spectra for erbium compounds in solution 
have been reported by Scheiner and Prandtl (38), Jorgenson (39) and 
Hoogschagen and Gorter (40). The visible and ultraviolet spectrum of 
crystalline erbium ethylsulphate has been reported by the authors listed 
in Table 1. 
While the absorption spectrum of erbium ethylsulphate has been 
extensively investigated a number of problems remain. For example, Figure 
3 shows the energy of the multiplet centers predicted for erbium using the 
intermediate coupling scheme and F2 " 433.64, F^ = 67.522, F^ = 7.090 and 
Table 1. Recent experimental work on crystalline erbium ethylsulphate 
Year Researcher (s) Multiplets 
included 
Zeeman 
data 
1947 Severin (41) 3 to 10 No 
1955 Dieke and Heroux (42) Yes 
1955 Smith (43) 5 to 15 Yes 
1960 Hellwege et alii (44) 5 to 11 Yes 
1961 Erath (45) 4 to 12 No 
1962 Hufner (46) 12 to 24® No 
1963 Wong (47) 3 No 
1965 Spedding et alii (48) 13 Yes 
*Hufner reported erbium chloride levels to multiplet 28. 
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Mult. Energy (cra"^) Mult. Energy (cra"^) 
':i5/2 0 . 0  
I' G7/2 
^ 26888.7 
-/ 27504.9 
27937.8 
28354.3 
^13/2' 
':ii/2 
*F9/2 
'4/2 
2^3/2 ' 
Hll/2 -
*^7/2 • 
^^9/2 • 
6775.6 
10414.6 
12496.6 
15447.3 
- 18521.9 
- 19406.4 
- 20716.5 
^22319.3 
•^22701.2 
24891.8 
^*3/2 
If H i / i
§1 
32057.1 
y 33619.7 
z 33853.8 
-V 33969.3 
34650.3 
34905.8 
37314.4 
39145.7 
40419.7 
42830.1 
43336.1 
43621.0 
47265.4 
47311.6 
47886.9 
Figure 3. Theoretical positions of the multiplet centers of erbium 
ethylsulphate 
= -2471, all in cm"^, as adjustible parameters. These parameters 
give a good fit to the multiplet centers in Figure 1 and probably compen­
sate for oversimplifications in the Hamiltonian. Somewhat different 
parameters have been used by Erath (45) and Wybourne (49) who assigned 
different LSJ to #om# multiplets• From a comparison of Figures 
1 and 3 it is seen that the fit of the multiplets is fairly good up to 
Multiplet 11. Beyond that point the multiplets tend to be found in 
clusters and the fixing of multiplet centers and J-values is uncertain. 
The matching of experimental energies to theoretical values is never as 
close as for the lower multiplets, no matter what LSJ states are assigned. 
One cause for the uncertain assignment of LSJ states in the past work is 
that the J^ = +5/2 and J^ = +7/2 levels were sometimes missing from the 
experimental data. In this work use is made of the fact that high 
magnetic fields perpendicular to the crystal c-axis (HsG case) bring about 
an apparent breakdown of the selection rules and allow the observation of 
some lines not visible at low magnetic fields. This makes it possible to 
locate more levels in a multiplet and to better measure the multiplet 
centers and specify the LSJ states. 
Because the ultraviolet multiplets are most critical in the efforts 
to improve the multiplet fitting, efforts to extend and improve the knowl­
edge of the ultraviolet spectrum of erbium would be worthwhile. Hufner 
(46) assigned the state to a multiplet he found at 32628cm in 
erbium chloride but which he could not find in the ethylsulphate. Pre­
liminary work for this thesis showed no absorption at this energy even 
in thick ethylsulphate crystals, but there were indications of very 
diffuse lines near 29900cm'^ (Multiplet 16). These diffuse lines may be 
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combination lines with vibration frequencies of the state for which 
the pure electronic transitions were missing because the A J was so large 
(greater than six). 
Hellwege et alii (44) reported a second order Zeeman shift in 
certain levels of erbium. Preliminary work showed second order shifts for 
many levels so it was thought worthwhile to follow the behavior of a large 
number of levels at a series of increasing magnetic fields. 
The absorption spectrum of erbium ethylsulphate diluted with yttrium 
ethylsulphate has been reported in many papers. The dilution was made to 
produce crystals of manageable size which had small effective thicknesses 
for erbium absorbers. Measurements of diluted samples showed small shifts 
in the energy levels. However, no published data allowed a clear compari­
son of diluted and undiluted spectra. In this thesis some multiplets were 
measured at more than one dilution using the same spectrograph and measur­
ing techniques. This will allow reliable estimates to be made of some of 
the dilution shifts. 
A recent theory by Murao, Spedding and Good (50) predicts changes in 
the intensity of some lines and shifts in the energy of other lines when 
the crystal is rotated about its c-axis in the HsC case. On the suggestion 
of Drs, Spedding and Murao rotated spectra were taken of Multiplet 4 which 
showed large intensity changes of some lines and small energy shifts. Both 
intensities and energies of lines were reported changed in Multiplet 13 
in a companion paper (48). 
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C. The Aims of This Thesis 
In order to increase the understanding of the absorption spectra of 
erbium ethylsulphate, the following aims were set for this thesis: 
1. Extension of the known energy levels of erbium ethylsulphate 
into the Infrared and ultraviolet regions of the spectrum. 
2. A study to be made of the Zeeman splitting of levels not pre­
viously reported, including the resolution of certain closely 
spaced levels. 
3. A study of the effect of crystal dilution on the lines of one 
multiplet. The multiplet (Multiplet 6) at 18,000cm"^ 
will be used as it is easily observed and there are few com­
plications in it. 
4. An examination of the apparent breakdown of the selection rules 
with increasing magnetic field in the HsC situation. 
5. A study in one multiplet of the effect of rotation of the 
crystal about its c-axis in the HsC case. Multiplet 4 at 
12,000cm where the effect was first found, will be used. 
It is hoped that the listing of new energy levels in the Infrared and 
ultraviolet will contribute to the effort to find better parameters. If 
this is not possible with the present Hamlltonlan, the data may Indicate 
which terms need to be added to the Hamlltonlan, or which of the basic 
assumptions need to be reexamined. 
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II. EXPERIMENTAL METHODS 
A. Spectrographs 
The Zeeman data in this report were taken with the experimental 
arrangement shown in Figure 4. A 3.4 meter Ebert spectrograph, Mr.rk IV, 
model 70-000 manufactured by Jarrell-Ash was the principle dispersing 
instrument. This instrument produced overlapping orders and it was 
necessary to use a Jarrell-Ash order sorter, model 79-500, as a secondary 
disperser. Tlie spectrograph was equipped with a grating ruled with 7,500 
lines per inch and a blaze angle of 59°. With the grating tilt near this 
angle it was possible to photograph any portion of the erbium spectrum. 
The zero field data taken in the ultraviolet region of the spectrum 
utilized an arrangement modified from that in Figure 4. Here the dispers­
ing instrument was a Bausch and Lombe Littrow spectrograph. 
B. Light Sources and Photographic Plates 
A General Electric 1000 watt projection lamp, type D"D PH/lX/TlZP, 
was used for the light source in the visible and infrared regions. For 
the ultraviolet region an 800 watt Hanovia compact xenon arc lamp was 
used. Both light sources required forced air cooling. 
The photographic plates used were all standard Eastman Kodak types. 
Type I-Z plates vore used for the multiplet at 10,000 A-U. They 
hypersensitized just prior to use by immersion in a water solution of 1% 
ammonium hydroxide for three minutes and then rinsed in alcohol for the 
same time. After drying the plates were ready for use. They had to be 
exposed and developed without delay to prevent fogging. Type I-N plates 
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a, Jarrell-Ash Ebert Mark IV 
spectrograph 
b 
cf 
b. Spectrograph slit 
c. Order sorter 
• 
d. Polarizer and lens 
e. Sample position between 
poles of electromagnet 
f. Lens 
g. Light source 
Figure 4. Experimental setup for Zeeman spectroscopy of erbium ethyl-
sulphate 
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were used for the lines at 8000 A.U. and multiplets in the visible and 
near ultraviolet were recorded with 103aF plates. Lines beyond 3500 A.U. 
were photographed with 103-0 and 103a-0 plates. Special S.W.R. plates 
were tested in the ultraviolet but gave no advantages. The presence of 
iron arc lines down to 2327 A.U. on 103a-0 platas «howed chat Che emul­
sion sensitivity was not the limiting factor with the Ebert spectrograph. 
Erbium absorption and iron emmission lines were photographed down to 2292 
A.U. on the Llttrow instrument with 103a-0 plates. 
C. Lenses and Polarizers 
The lenses of the order sorter were fluorite and crystal quartz 
achromats except for two simple quartz cylindrical lenses. The prism 
was a fluorite fused quartz combination cemented with glycerine. Other 
lenses in the optical system were fused quartz chromatic types. 
A Rochon prism was used as the polarizer as it was the best type 
for ultraviolet transmission. Because of the narrow useful apeture of 
this polarizer it was important to place it where the light was not 
strongly convergent and to check the system for complete cancellation with 
some other kind of polarizer. Since the order sorter contained crystal 
quartz lenses which changed the plane of polarization, it was important 
that the polarizer be placed between the sample and the order sorter. 
D. Dewars 
Two double chambered non-magnetic stainless steel dewars were used 
to keep the samples at low temperatures. These dewars had fused quartz 
inner tips and quartz windows to allow ultraviolet transmission. When 
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the outer chamber was kept filled with liquid nitrogen it was possible to 
keep 5 liters of liquid hydrogen for up to four days with nearly con­
tinuous illumination by the xenon lamp. Liquid helium would keep up to 
one full day under the same conditions. The tungsten lamp caused more 
rapid loss of the liquid. 
The samples were mounted in the dewar on a long stainless steel rod 
which extended from the inner quartz tip to the outside top of the dewar. 
By turning the outside projection of the rod it was possible to adjust 
the angular orientation of the crystals and to raise or lower them. The 
method of mounting the crystal and setting the angle between magnetic 
field and the crystal c-axis was adequate to fix the angle to within a 
few degrees. This limitation had a serious effect on some of the Zeeman 
data taken as discussed later. The crystals were cooled by direct contact 
with the cooling liquid. 
E. Magnetic Fields 
Magnetic fields up to 28000 gauss were obtained with an Â.D.L. 
electromagnet powered by a lOOkw DC generator. The generator was driven 
by a 3-phase 60 cycle AC motor. Regulation of the magnetic field was 
accomplished by adjusting the current in the field coils of the generator 
and sensing the current by monitoring the voltage across a very low ohm 
resistor in series with the magnet. Automatic, continuous control was 
achieved in this manner. 
The magnet was fitted with pole faces 5 3/4 inches in diameter with 
a nominal gap of 1 5/8 inches. Measurements of the field with this con­
figuration were made using lithium and proton resonance techniques, with 
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Table 2. Magnetic field values 
H Current setting (amps) Field in Gauss 
« 0 0 0 
" 1/4 35 7150 
= 1/2 70 14400 
« 3/4 110 21500 
" 1 380 28000 +50 
the results shown in Table 2. 
F. Preparation, Dilution and Growth of Crystals 
The erbium and yttrium ethylsulphate used in this work were prepared 
by Mr. William J. Haas from 99.95% pure rare earth oxides. In the ErgOg 
impurity levels of rare earth elements were determined by spectrographic 
analysis to be less than or equal to the following values: Y - .01%, 
Dy - .005%, Yt - .01%, Tm - .002% and Ho - .008%. 
Some crystals were grown from solutions in which the erbium ethyl-
sulphate was diluted with yttrium ethylsulphate. The atomic proportions 
of erbium to yttrium were 1:0, 1:9 and 1:50 so that the resulting crystals 
contained approximately 100, 10 and 2raol % erbium ethylsulphate respective-
3+ 
ly. Yttrium ethylsulphate was chosen as the dilutant because Y has an 
ion size very close to Er^"*", 0.93 and 0.96 A.U. respectively (51). With 
the yttrium dilutant it was expected that there would be only slight 
changes in the crystal electric field, especially since it was due mostly 
to the water of hydration. With diluted crystals it was possible to 
observe the absorption spectra of crystals whose real thickness was 1 to 
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2 mm but whose effective thickness for erbium was much less than this. 
This made it possible to resolve the structure of strong line patterns 
which were unresolved in the undiluted crystals of the same thicknesses. 
The crystals used in this study were grown from either water or 
alcohol solutions. The «poccra from the alcohol grown crystal» were 
sharper taaa che spectra frc.a the water grown crystals and were not 
shifted by any measurable amount. It was clear from x-ray analysis that 
the form Er(C2H^SO^)2*91120 was crystallized from both water and alcohol 
solutions (52). It appears that less hydrolysis occurs in the alcohol 
solutions and therefore there are fewer occlusions. 
G. Measurement of Photographic Plates 
and Line Energy Calculations 
The measurement of the spectrographic plates was done with the 
plates fastened to the moveable table of a Sinclair Lewis recording micro-
photometer. The light sensitive element and associated circuitry of this 
instrument had been replaced by a photocell and DC amplifier fed into a 
Brown chart recorder. Traces on the chart paper gave the positions of 
all absorption lines and all standard iron arc lines which fell in the 
same spectral region. Once the plates were fixed on the microphotometer 
table, the traces were reproducible to better than the line center un­
certainty of the sharpest absorption lines encountered. 
The method used to calculate the absorption line energy from its 
position on a trace was as follows. First, all the standard iron lines 
traced were identified and expressed in terms of energy using the NBS 
wavenumber tables (53,54) and the MIT wavelength tables (55). A linear 
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dispersion relationship was found between the first and n-th standard 
lines as in Equation 1. 
D . "n - "l 
(Pos)„-(Pos)i ^ ' 
The nominal energy, of all Intervening iron lines was then computed 
from Equation 2. 
+ D[(Pos)i - (Pos)j^] (2) 
The difference, w^, between the true and the nominal energy of each iron 
line results from the non-linearily of the dispersion of the grating and 
any irregularities in the microphotometer screw. The set of small devia­
tions, w^, are expressed by Equation 3, with the deviations for the first 
and n-th necessarily zero. 
w^ = 0 
Wi = - Wj (3) 
"n 
In the second step of the calculation a computer program found a 
second order function, w'[(Pos)^], which gave the best least squares fit 
to the w^ deviations. 
In the third step the energies of all absorption lines were calculated 
by another computer program which added the proper second order correction 
to the linear expression for the energy to give Equation 4. 
+ D[(POS)^ - (Pos)^)] + w'[(Pos)^] (4) 
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Both of these programs were written by Mr. Haas, A separate correction 
function was computed for each plate and multiplet measured. All calcu­
lations of W'^ were carried to three decimal places and rounded off for 
the tables, 
H, Sources of Error in the Data 
In discussing the errors in the energies presented in this thesis it 
is important to divide the discussion into two parts, according to the 
probable causes of the errors. First we shall discuss errors which arise 
in recording the spectra on the plate, in tracing the plate, and in 
measuring the traces. In the second part of the discussion we shall treat 
errors which arise due to the inexact alignment of the crystal c-axis and 
the magnetic field. The latter errors may be important in the Zeeman work 
but play no part in the zero field data. Errors of the first kind may 
enter into all the data. 
Comparisons of the data in this report for Multiplet 6 with data 
1 2 taken later by Mr, Haas and Mr, Sutherland indicate that there are 
instances of small uniform displacements in the energy of all the lines 
of a multiplet at one field value. In addition there are also occasional 
smaller deviations in the relative positions of lines within the same 
multiplet. It appears possible that the same uniform and relative errors 
in energy may appear in the data for other multiplets as well. The small 
lateral shifts of the absorption spectra varied from plate to plate and 
^Haas, W, J,, Ames, Iowa, Erbium Ethylsulphate Absorption Spectrum, 
Private Communication, 1963, 
2 4 Sutherland, W, L,, Ames, Iowa, Erbium Multiplet ^3/2* Private 
Communication, 1964, 
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caused larger errors in the absolute energy of the lines than the instru­
ment would produce under optimum conditions. The shifts were subsequently 
traced by Mr. Haas and Mr. Sutherland to a combination of causes including 
lateral displacements of the iron spectra, temperature changes in the 
grating which became significant at high dispersions, and shrinkage of 
the plate emulsions when the plates were dried. 
In order to resolve the Zeeman patterns it was necessary to achieve 
the very high dispersions obtained with high orders and the order sorter. 
To avoid interference of the iron emmission with the erbium absorption 
lines the iron spectrum was recorded at the top of each plate. The five 
absorption spectra were then recorded down the plate and another iron 
spectrum was recorded at the bottom of the plate. With the measurement 
system used, linear irregularities of the camera and microphotometer 
racking mechanisms could be compensated, but non-linear motions could not 
be taken into account. Racking errors could have caused the uniform 
lateral shifts in energy. Since these errors were uniform throughout a 
trace they caused only a small shift in every level in the multiplet and 
therefore in the multiplet center. Since the multiplet centers are still 
not matched to anywhere near the experimental precision obtained, the 
data shifted in this way are still useful. 
The relative deviations in the line energies were probably caused 
primarily by the difficulty of producing truly standard iron lines, by 
local stretching and shrinking in the gelatine layer of the plates, 
especially around the edges, and by other effects. The variations of the 
standard lines from their proper energies were smoothed over by the least 
squares correction function but the other difficulties could not be 
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entirely avoided. 
Table 3 gives some useful estimates of the known errors of the firs: 
kind. In the first column is the multiplet number. The second column 
shows the energy change corresponding to an interval on the plate of 
l/lOOch of a millimeter, which was about the line center uncertainty of 
the traces of the sharpest erbium lines. The third column gives the 
standard deviations of the iron lines after the correction function had 
been applied. Column four shows the uncertainty of single iron lines as 
given by the MIT Tables (55) . The author of the MIT Tables states that 
the standard lines are good to about .005 A.U. between 4500 A.U. and 2500 
A.U. and to about .05 A.U. outside this region. More precise lists of 
Tcble 3. Quantities useful in estimating errors in recording, tracing and 
measuring spectra 
.k t . 2 3 
(cm'l) 
4 Mult. 2 
(cm'l) 
4 
3 .003 .008 .052 22 .441 .044 .067 
4 .011 .011 .076 23 .410 .158 .075 
6 .020 .022 . .168 24 .410 .145 .075 
13 .022 .023 .038 25 .410 .145 .078 
16 .570 .095 .045 26 .410 .145 .079 
17 .030 .041 .050 27 .370 .032 .85 
13 .030 .061 .055 28 .370 .032 .87 
19 .500 .049 .056 29 .360 .063 .90 
:.o .500 .049 .058 30 .350 .222 .95 
'* 1 
.036 .013 .061 
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standard lines are available but they do not contain enough lines over a 
multiplet to be of much use. 
Multiplets 3, 4, 6, 17, 18 and 21 were recorded on the Ebert spectro­
graph and the data were rounded off to the nearest ,01 cm ^ throughout 
all the tables for consistency. The other multiplets were recorded on the 
Littrow spectrograph and their data were rounded off to the nearest .1 
cm . This does not mean that all lines are accurate to the last signif­
icant figure listed. 
The second kind of error which occurred only in the Zeeman data was 
due to the inability to precisely align the crystal c-axis parallel to or 
perpendicular to the magnetic field. With the apparatus as used for 
collecting the data for this thesis, there was no simple, satisfactory 
method to insure precise alignment. Subsequent work by Spedding et alii 
(48) has developed a reasonably quick and certain method to achieve the 
proper alignment. The method depends on observing maxima and minima in 
intensity and spacing of certain Zeeman lines on test plates before 
exposing the desired multiplets. 
In the case of misalignment of the crystal axis and the magnetic 
field the Zeeman splitting observed is a combination of that due to the 
parallel and perpendicular g-factors. Hellwege et alii (44) show that 
the measured g-factors are given by Equation 5. 
g' " (g^cos^0 + g^sin^())^ 
P P S /C\ 
9 9 9 9 1/.  ^ ' 
®s " (SgCos 0 + gpSin 0) 
In this equation the unprimed g's are the true g-factors while the primed 
g's are the values measured when the alignment is off by 0 degrees. When 
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gp =» gg the misalignment error is zero, but when g^ and are different, 
say by a factor of 5 or 10, then even a small angular error will have a 
serious effect on the measured values for g^ and gg, especially for the 
smaller of the two. Unfortunately, the lowest level of the ground state 
and a number of other levels have gg and gp differing by a large factor, 
so these measured values are not as reliable as desired. These situations 
will be discussed in more detail in the results section of this thesis. 
Table 4 provides a quick appraisal of the percentage error introduced into 
the smaller g-value by various angular errors for certain listed values 
Slarge/Ssmall' 
Table 4. Percentage error by axis misalignment 
Ratio of Angular misalignment 
haree/^small ^^^^ 
1 0% 07. 07, 07, 
2 .047. .41% 1.1% 2.5% 
4 .23% 2.0% 5.5% 10% 
6 .54% 4.7% 12% 23% 
8 .95% 8.3% 22% 39% 
10 1.5% 12% 32% 54% 
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III. THEORETICAL STUDY OF THE SPECTRA OF ERBIUM ETHYLSULPHATE 
A. The Number of States 
The electronic state of an ion is completely specified by giving the 
set of four quantum numbers (n,l,m^,mg) for every electron in the ion. 
The total number of electronic states possible for the ion is the same as 
the number of distinct ways, Q', to assign the quantum numbers to each 
electron of the ion subject to certain rules. The rules are that n be a 
positive integer, L be zero or a positive integer less than n, m^ have one 
of the integer values from +Z to and mg be +l/2. The Pauli exclusion 
principle further requires that no two electrons in the ion have the same 
set of quantum numbers. Finally, states formed by permutations of the 
electron indices are not considered as distinct. 
The number of different combinations of quantum numbers for the 
electrons in an ionic configuration is the product of the number of com­
binations for each shell as in Equation 6. 
Q'(ls2...4f*) = Q(ls2)Q(2s2)Q(2pG)...Q(4fX) (6) 
Neglecting the filled shells for the moment, the Q(4f*) can be expanded 
into a product of the combinations possible for each of the 4f electrons 
as in Equation 7. 
Q(4fX) . Q(4fl)Q(4f2)Q(4f3)...Q(4fx) (y. 
xl 
The xl term occurs because only distinct states are to be counted and the 
4f electrons are distinguishable by their quantum numbers but not by their 
serial numbers. A single 4f electron has n = 4, f «3, takes on one of 
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the seven values from +3 to -3 and nig = +1/2, so there are 2*7 = 14 ways 
to assign quantum numbers to any one 4f electron. After one of these 
wc.ys is selected for the first electron, a second electron may be assigned 
cny one of the remaining 13 ways, and so on to give Equation 8. 
= (14^ 
Cnc. notices that Q(4f*^) = Q(4f^^) = 1. In the same way formulae like 
Lq^acion S for other shells always give the result that Q(filicc shell) 
= QCcmpty shell) => 1. Since all the other shells of the rare earth ions 
are either filled or empty we may write the number of states for the ion 
as in Equation 9. 
"04^ W 
Tliis formula gives the number of states for every rare earth ion as listed 
in Table 5. In this table one finds that Q(4f*) =• Q(4f^4-x). xhe reason 
Tcble 5. Electronic energy states for the lanthanide elements (16) 
oonxig. Number of 
LSJ 
multiplets 
Number of 
LSJJg 
states 
Config. Element 
4fO 
4;:,^ 
4f: 
4f: 
4f' 
1 
2 
13 
41 
107 
199 
296 
368 
1 
14 
91 
364 
1001 
2002 
3003 
3432 
4f 
4f 
4f 
4f 
14 
13 
12 
11 
rlO 
L,U 
Er 
Ko 
Dy 
Tb 
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for this symmetry is that the number of ways to assign x electrons among 
14 single electron wavefunctions is the same as the number of ways to 
start with all 14 single electron wavefunctions occupied and take away x 
electrons. This symmetry is used when more than seven 4f electrons are 
encountered. One may deal with x electrons or a filled 4£ aubshell and 
(14-x) electron holes, whichever is easier. For erbium it is usually 
preferable to use three electron holes instead of eleven electrons. 
B. The Basis Functions 
Any complete ortho-normal set of 364 members which satisfy the usual 
wavefunction conditions is a possible basis set to expand the eigenfunc-
tions of erbium. Stevens (32) and Erath (45) used (LSJJ^) wavefunctions 
as a basis, but the so-called product wavefunctions (abbreviated PWF) are 
better suited for some purposes. The PWF's are completely antisymmetrized 
determinant wavefunctions described in TAS. They are separable into 
radial, angular and spin parts. For most purposes only the angular and 
spin parts on the diagonal of the determinant are written out to shorten 
the notation. The notation of Section 1^ of TAS will be used here, in 
which the PWF is written with three single electron wavefunction parts 
containing only the and mg quantum numbers for the three electron holes, 
as in Equation 10. 
PWF(n,i ;mj3^,ragj^;raj2,nig2;ra^3>nig3) = (mjj^+) (m^2±) (mj3+) (10) 
The + indicates the sign of mg. The 364 PWF's for erbium may be con­
veniently divided into sets having the same value for M^, or Mg, or M, or 
all three where the M's are given by Equations 11, 12 and 13. 
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+ m^2 + "^3 (11) 
Mg = mgi + mg2 + --'•' 
M = Ml + Mg (::) 
The set of PWF's with = -R may be formed from the set having = 4-2 
by changing the signs of all m 's and rearranging the PWF's into st.?.ad:ird 
order. Likewise the set of PWF's with Mg = -P may be formed from the 
with Mg = ? by changing the sign of every mg and rearranging to stancrrd 
order. New sets formed in this way are referred to as M-r cosctc, Kg-cocet; 
or K^^Mg-cosets if both and Mg are changed in sign. 
C. The Hamiltonian for Erbium Ethylsulphate 
The Hamiltonian for erbium ethylsulphate is given by Equation h'-. 
- J  _  Ï  A  .  «  r - Z « 2  ?  
N N N 
+ Z ;%(r,)L;S + .Z +eV(r.,8,,0,) + Z (L +r.S ) "K 
i-1 ^ 1 i 1=1 1 i i=i i i 
The subscript i is summed over all electrons of the ion but the sumation 
over filled shells does not remove any degeneracy but only shifts 11 
levels together. The terms in order disregarding brackets and braces are: 
t'lQ kinetic energy, the screened potential energy, (see Section 1^ of TAG) 
the potential energy due to the nuclear charge, the negative cf the 
rcreened potential energy, the mutual electrostatic repulsion energy cf 
the electrons, the spin-orbit energy of the electrons, the ligand field 
potential energy and the energy due to the external, uniform magnetic 
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field. 
The only terms of the Hamiltonian which connect the ion to the out­
side world and impose requirements other than spherical symmetry on the 
solutions of the Schrodinger equation are the ligand field and the uniform 
magnetic field. Murao, Spedding and Good (50) and Spedding, Haas, 
Sutherland and Eckroth (48) have confirmed that the ligand field felt 
by the 4f* electrons in erbium ethylsulphate has symmetry. A uniform 
magnetic field has symmetry alone and when applied alongside the 
ligand field may result in a new symmetry for the Hamiltonian. In the 
HpC case the symmetry is unchanged, but in the HsC case the symmetry 
of the Hamiltonian is reduced to . 
If the symmetry of the ligand field had been which it is very 
near to being, the situation would be quite different. In the HpC case 
the symmetry would be reduced to In the HsC case there are three 
possible situations. In case of HpC^ the symmetry is reduced to C^. 
In case of Hsa^ the symmetry is reduced to C^^. Finally in the general 
case of HsC the symmetry is reduced to C^^. In the special cases where 
C2 or Cj^^ symmetries exist the 364x364 determinant can be separated into 
two parts and new selection rules can be written for the dipole transi­
tions. This subject is developed more fully in the Appendix. 
D. The Secular Equation and the Matrix Elements 
The secular equation for erbium, Equation 15, is a 364x364 determinant 
equation derived from the time independent Schroedinger as below, where 
I is the unit matrix in 364 dimensions. 
1 EI I = 0 (15) 
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The eigenvalues of the secular equation are the 364 energy levels of 
erbium. The eigenvectors are the corresponding 364 state functions in 
terms of whatever basis functions are used, in our case the PWF's. The 
ij-th element of this determinant is written as follows: 
The first term is the ij-th matrix element of the Hamiltonian. The 
symbol represents the i-th eigenvalue. The PWF's which label the rows 
and columns of the determinant fall into the Mj^ and Mg sets when derived 
by the methods of TAS. Rearrangements in the order of the rows and 
columns will be made later to reduce the 364x364 determinant to the product 
of six smaller determinants, when there are no HsC elements. 
The background material for the calculation of the Hamiltonian matrix 
elements is contained in TAS. Brief comments on each type of element will 
be made here. In the matrix element formulae which follow the (PWF)^ is 
matched insofar as possible to the (PWF)j by permutations in the order of 
the single electron functions. Odd permutations introduce a minus sign 
into the matrix element. A short form for the PWF's is used in some 
formulae, such as (abc) where a,b and c are the three single electron 
parts of the PWF, or identify the parts when used as superscripts. 
The matrix elements for electrostatic repulsion between electron 
holes follow from Equation 8^9 of TAS, rewritten below. 
(PWF).^ (PWF)J - EJLIJ (16) 
2 
(abf)^^(cdf) = 6(mg,mg) ^ (mg,mg) <5(m^+m^,m*J+m^) • 
2 ,fCmÇ)ck(j (n*2*nb fn^ jd) 
k" ra 
(17) 
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The for 4f electrons are zero except for k = 0,2,4 and 6. The result­
ing matrix elements contain the Slater integrals Fo,F2,F^ and Fg which 
are related to the of Equation 17. The Fq elements may be left out 
since they do not contribute measureably to the energy of the absorption 
lines. All diagonal matrix elements contain an identical Fq term which 
may be added to the E^^d^j term where its only effect is to raise or lower 
all levels by the same amount. Because of the Kroenecker deltas the 
e2/ri2 elements are zero except on the diagonal and between certain PWF's 
belonging to the same M^^Mg-sets. The c^ are invariant to a change in 
sign of both m^ arguments (18). This causes the matrix element of 
Equation 17 to be invariant to a change in sign of all m^'s, or all mg's, 
or both. For this reason every matrix element of this type between 
two PWF's in an M^Mg-set will reappear between two PWF's belonging to 
the M^-coset, the M^-coset, and the M^Mg-coset. 
The spin-orbit matrix elements are found from Equation 4®lc of TAS, 
rewritten below, in which is the Lande coupling parameter for 4f 
electron holes. 
(acd) ^(r)L"S(bcd) = 6[ ^(a,b)mgmj 
(18) 
+ 1/2 (J(mf ,m^l) V ( a_n,a+i/2) ( a+ma+l/2) ] 
Spin-orbit matrix elements occur only on the diagonal and between certain 
PWF's with the same M but with and Mg different by +1. This matrix 
element is invariant to a change in sign of all m^'s and mg's, therefore 
M^Mg-sets will have the same matrix elements as their cosets. 
In writing the expression for the potential due to the ligands one 
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usually assumes that the ligands do not penetrate into the region of the 
4f electrons. Then it is possible to use a potential which satisfies 
Laplace's equation. Such a potential may be expanded in an infinite 
series of spherical harmonics as in Equation 19. 
V = L AM (19) 
^>|m|=0 : 
Here the Y's are the spherical harmonics and the A's are in general com­
plex radial functions which depend on the positions of the ligands (50). 
Because of the symmetry of the electric field at the 4f electrons 
many of the A's are zero. The symmetry requires that all A's be zero 
except those which have m=0,+3,+6,+9,+12, etc. The cr^ symmetry eliminates 
all A's except those which obey the relation: (-1)^ = +1. 
When matrix elements of the ligand field are calculated between 
PWF's made up from single 4f electron wavefunctions all but a few of the 
terms in V vanish. All terras with Z greater than six vanish because they 
do not meet the triangle conditions for combining spherical harmonics 
(56). Furthermore, all terms with odd Z vanish between PWF's made up 
from equivalent electrons because of the parity requirements (56). The 
matrix elements of AqYq need not be considered for the same reason that 
the F„ electrostatic repulsion terms are neglected. Finally, Murao 
! 
et alii (50) show that by the proper choice of the x-axis the and Y^^ 
terms may be combined into a single term. The ligand field elements which 
remain to contribute to the splitting are given in Expression 20 where 
the remaining A's are real. 
(PWF)j_e[A°Y2 + A°Y° + A^Y^ + A^^ (Y+^ + Y^^)](PWF)j (20) 
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This matrix element may be put into a form involving the single electron 
wavefunction parts of the PWF's following Stevens (56), as in Equation 21. 
(acd)eV(bcd) = <r(a,b) «f(m^,+3) (+5X+3Y +Z) 
+ <î(m^,i2)(-7Y -62) + ^(m^ ,+1) (-3X +Y +15Z) 
+ <J(m^,0)(-4X +6Y -202)] (21) 
Where: X = —Ao, Y => -^A? and Z = -^^^9 as given by Elliott and Stevens 
15 33 4 _ 429 o 
(56). Note that they use a A™r^ which is the same as the A^ used here. 
The summation over electrons a,c, and d is required since the Y^ are one 
electron operators and each electron part of the PWF may contribute. 
The terms in the first three lines of Equation 21 occur only on the 
diagonal of the secular equation. The last term connects states having 
the same Mg and having different by +6. These matrix elements are 
independent of spin and the sign of all m^'s so the , Mg- and co-
sets contain the same elements as the M^Mg-sets. 
The theory for the HpC Zeeman effect is in Chapter 16 of TAS. For 
a general direction of magnetic field the Zeeman term of the Hamiltonian 
has the following form. 
H = -p(L + 2S)-H (22) 
M 
In which the vector quantities are expanded in cartesian coordinates as 
in Equations 23, 24 and 25. 
H = Hx + Hy + Hg (23) 
And 
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+ Si " ^:i) (24) 
^ ° (^xl + Syi + Sgi) (25) 
P - e/4ymc2 (26) 
For the HpC case the matrix elements are diagonal and are given by Equation 
27. 
(PWF)^Hp(PWF)j = «f(i,j)(-phH2)(ML + 2MS) (27) 
The HpC matrix elements between M][^Mg-cosets will be minus the correspond­
ing elements in the M^Mg-sets. 
For the HsC case the terms of Equation 22 are: 
Hg - + I%2 + L%3 + t 23^2 + 23.3) 
-P»y<Sl + LYZ + LY3 + 2SYI T 2SJ,2 H- 23^ ,) 
In order to put this into a form which contains operators whose effect on 
the PWF's single electron wavefunctions is easily calculable, one uses the 
expressions in Equation 29. 
(29) 
The usual electron subscripts have been omitted above for clarity and (i) 
is the complex root of -1. The and are step-up and step-down 
operators. Making these substitutions in Equation 28 puts it into the 
= «x + H_ II iHy 
L+ = ^x + iLy L_ = ^x -
s+ » + S_ 1 n 
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form of Equation 30, with the electron subscripts put back cs superscripts. 
3 
H s = ^  + 2sJ) + H_(L| + 2sj)] (30) 
The effect of the stepping operators is to produce PWF's vith K increased 
or decreased by one. Therefore the HsC matrix elements connect 277's 
which have two common single electron functions and have % different by 
4^1. Since the whole set of 364 PWF's can be generated from a c'ng^e 
with maximum Mg and by repeated use of step-down operators operating 
cn one electron function at a time, one sees that the HsC r-..atri:: elemsnts 
connect all the POT*s in a single 364x364 determinant. 
The positions of all non-zero matrix elements which contribute to the 
splitting of the erbium levels are summarized in Table 6. 
E. The Erbium Submatrices 
The full matrix for the erbium Hamiltonian is 364x364 but in the 
HpC and zero field cases it is possible to break it doxrn into si:-: 
submatrices by rearranging the rows and columns. The PY?'s with i 
M-values are collected together into sets and three îl-sets appear in erih 
cubmatrix. Table 7 shows which M-sets are combined and listr crystal 
quantum numbers for the six subm^trices. 
Table 8 shows part of the 60x60 submatrix for M = 13/2, l/2, -ll/2. 
The -ippear in descending order of Mg and Mj^. The off-dl.igta.'-.l 
aj j are e^/ri2 terms, the diagonal a^^ include all types of I'.ii-.gonal 
+6 
terms. The b. . are matrix elements of the Y~ ligand field terms, and 
^ » J 6 
the Cj. j are off-diagonal L'S terms. The HsC magnetic elements are not 
included. 
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Table 6. Summary of the non-zero matrix elements of erbium 
Hamiltonian Are diagonal-
term terms present? Location of the off-diagonal terms 
e2 /r^2 Yes Connecting certain PWF's in the same 
set which have at least one common single 
electron wavefunction. 
L'S Yes Connecting certain PWF's in the same M-set, 
having Mg different by +1, and having two 
single electron wavefunctions the same. 
^2' ^ 4» ^6 Yes No off-diagonal terms. 
No Connecting PWF's in the same Mg-set with 
M, different by +6 and having two single 
electron parts the same. 
Hp Yes No off-diagonal terms. 
Hg No Connecting certain PWF's which differ by 
+ in Ml or Mg (but not both) and which have 
two single electron parts the same. 
Table 7. Distribution of M-sets into n, (i and sets 
M-sets p, of Murao M- of Sj of 
combined , et alii (50) Lammerman (57) Prather (58) 
+17/2,+5/2,-7/2 -2 -1/2 Si 
+15/2,+ 3/2,-9/2 +3 -3/2 S3 
+13/2,+1/2,-11/2 +2 -5/2 
"5 
+11/2,-1/2,-13/2 +1 +5/2 S7 
+9/2, -3/2,-15/2 0 +3/2 
"9 
+7/2, -5/2,-17/2 -1 +5/2 Sll 
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Table 8. Part of the submatrix for M =• +13/2,+1/2,-11/2 
Ms = +3/2 +3/2 +1/2 
«L- +5 -1 +6 
M =• +13/2 + 1/2 +13/2 
+-H- + + + ++ + + + + -H- + ++- ++- -H-- ++-
PWF (320) (3-1-3)(20-3) (2-1-2)(10-2) (321) (312) (303) : (213) 
+++ 
(320) *1,1 bl,3 =1,6 =1,8 
+ + + 
(3-1-3) *2,2 *2,3 *2,4 
++ + 
(20-3) 
^3,1 *3,2 *3,3 *3,4 *3,5 
+ + + 
(2-1-2) *4,2 *4,3 *4,4 *4,5 
,++ +^ 
(10-2) *5,3 *5,4 *5,5 
++-
(321) =6,1 *6,6 *6,7 *6,8 *6,9 
+4— 
(312) *7,6 *7,7 *7,8 *7,9 
++-
(303) 
*8,6 *8,7 *8,8 *8,9 
++- C8,l 
(213) *9,6 *9,7 *9,8 *9,9 
The full submatrices are symmetric across the principle diagonals 
and many of their elements are zero. For the purposes of this thesis the 
six submatrices will be given in an abbreviated form in which the Mj^Mg-sets 
of PWF's are condensed into single rows and columns. The a^ j elements 
are then condensed into symmetric matrices while the b^^^ and c^ ^ 
become rectangular matrices 2 ^ » with j the transpose of 
8%^^ and ^ transpose of 
Table 9 contains the abbreviated submatrix for M = +17/2,+5/2,-7/2. 
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Table 9. The submatrix containing M = +17/2,+5/2,-7/2 PWF's 
Ms= +3/2 +3/2 +1/2 +1/2 +1/2 -1/2 -1/2 -3/2 -3/2 
V +1 -5 +8 +2 -4 +3 -3 +4 -2 
M » +5/2 -7/2 +17/2 +5/2 -7/2 +5/2 -7/2 +5/2 -7/2 
(4) (1) (1) (15) (9) (12) (12) (2), (4) 
*1,1 ®1,2 Cl.4 
B2,l *2,2 ^2,5 
*3.3 83,4 
^4,1 *4,3 *4,4 ^4,5 =4.6 
^5,2 *5.4 *5,5 ^5,7 
=6,4 
*6,6 *6,7 ^6,8 
=7,5 *7.6 *7,7 ^7,9 
^8,6 *8,8 ®8,9 
^9,7 ®9,8 *9,9 
It is a 60x60 matrix if written full size. The abbreviated submatrix 
for M =» +15/2,+3/2,-9/2 is given in Table 10 (full size 62x62). The 
abbreviated submatrix for M = +13/2,+1/2,-11/2 is given in Table 11. 
Compare this with Table 8 where the first three rows and columns of 
Table 11 are written out full size. In Tables 9, 10 and 11 the row 
labels are omitted, but are understood to be the same as the column 
labels. The numbers in parenthesis give the number of PWF's in each 
Mj^Mg-set. 
The last three submatrices of erbium are obtained from the first 
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Table 10. The submatrix containing M = +15/2,+3/2,-9/2 PWF's 
MS= +3/2 +3/2 +3/2 +1/2 +1/2 -1/2 -1/2 -1/2 -1/2 -3/2 -3/2 
«L= +6 +0 -6 +7 +1 -5 +8 +2 
-4 +3 -3 
M = +15/2 +3/2 -9/2 +15/2 +3/2 -9/2 +15/2 +3/2 -9/2 +3/2 -9/2 
(1) (5) (1) (2) (16) (6) (1) (15) (9) (3) (3) 
*1.1 *1.2 Cl,4 
®2,1 *2,2 *2,3 ^2,5 
*3,2 *3,3 ^3,6 
C4,l *4,4 *4,5 ^4,7 
^5,2 *5.4 *5,5 *5.6 ^5,8 
^6,3 ®6,5 *6,6 ^6,9 
G?,4 *7,7 ®7,8 
^8,5 ®8,7 *8,8 *8,9 S,10 
S,6 ®9.8 *9,9 S,11 
^10,8 *10>10®10,11 
^11,9 ®11,10*11,11 
three by changing the signs of all m^'s and nig*s in the PWF's and re­
arranging the single electron parts to standard order. This changes the 
M^Mg-sets into the corresponding M^Mg-cosets. All of the matrix elements 
are unchanged except that the signs of the HpC elements are reversed. 
The effect of reversing the signs of all m^'s and rag's is to change the 
direction of all electron angular and spin momenta. The same effect 
results from applying the time reversal operator to form Kramers' 
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Table 11. The submatrix containing M = +13/2,+1/2,-11/2 PWF's 
+3/2 +3/2 +1/2 +1/2 +1/2 -1/2 -1/2 -1/2 -3/2 
-3/2 
+5 
-1 +6 +0 -6 +7 +1 -5 +2 -4 
M = +13/2 +1/2 +13/2 +1/2 -11/2 +13/2 +1/2 -11/2 +1/2 -11/2 
(1) (4) (4) (17) (4) (2) (16) (6) (4) (2) 
Al,l ®1,2 Cl,3 
®2,1 *2,2 C2.4 
%.l *3,3 83,4 63,6 
^4,2 84,3 *4,4 =4,5 C4.7 
*5.4 *5,5 =5,8 
^6,3 *6,6 86,7 
^7,4 27.6 *7,7 ®7,8 ^7,9 
^8,5 ®8,7 *8,8 ^8,10 
S,7 *9,9 89,10 
^10,8 ®10,9 *10,10 
conjugate states. Therefore the PWF's belonging to a M^Mg-coset are 
Kramers' conjugate states of the PWF's belonging to the M^Mg-set. When 
there is no magnetic field these states are degenerate (23,24), which is 
evident from the fact that when HpC terms are omitted the conjugate sub-
matrices have identical matrix elements and identical eigenvalues in the 
secular equation. 
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F. The Selection Rules 
Electric dipole transitions between states arising from pure 4f* 
configurations are strictly forbidden since all such states have the 
sania parity. But, if it is assumed that there is a small admixture of a 
configuration of opposite parity, the electric dipole transitions may 
occur (48). 
In discussing the selection rules in the rare earth ethylsulphates 
it is necessary to specify the directions of the propagation vector and 
electric vector of the light, the c-axis of the crystal and the magnetic 
field direction. The z-axis of the coordinate system is chosen along the 
c-axis of the crystal. Figures 5a and 5b show the two magnetic field 
orientations used in this experimental work. Figure 5a shows the magnetic 
field parallel to the c-axis (HpC) while Figure 5b shows it perpendicular 
to the c-axis (HsC). In both cases the propagation vector of the light 
is along the x-axis. Two independent spectra can be observed for each 
case depending on the direction of the electric vector of the light 
absorbed. The electric vector may be parallel to the c-axis (EpC) or 
perpendicular to it (EsC). 
The selection rules for electric and magnetic dipole transitions 
between wavefunctions belonging to the la-sets of Table 7 have been worked 
out for the case of zero and HpC magnetic fields by many workers. The 
selection rules are the same whether the p of MSG or the |i of Lammermann 
are used, and are given in Table 12. The selection rules for the HsC 
case are worked out in the Appendix. 
The allowed transitions are illustrated in Figure 6. In this figure 
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1st. Modification: PP with HpC 
and EpC 
2nd. Modification: PS with HpC 
and EsC 
Case a, HpC 
3rd. Modification: SP with HsC 
and EpC 
4th. Modification: SS with HsC 
and EsC 
Case b, HsC 
Figure 5. Crystal axis, magnetic field and polarizer combinations 
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Table 12. Electric and magnetic dipole selection rules for H = 0 and HpC 
Type of radiation A u and A u 
EpC case EsC case 
Electric dipole +3 ±2. +4 
Magnetic dipole +0 il. +5 
the circles represent the (i-sets of PWF's and the lines connecting them 
represent allowed transitions. Lines returning to the same circle show 
the A M. = 0 selection rule. The other rules are self explanatory. The 
symmetry of this figure illustrates that the A p. = +2,+4 rule is actually 
a single selection rule, as is the A tx = +1,+5 rule. The apparent doubl­
ing of these rules is brought about by the discontinuity of the ^.-values 
in going around the perimeter of the figure. 
In the case of zero magnetic field the Kramers' conjugate states 
are degenerate. This corresponds to folding the figure along the M = 0 
line to bring together conjugate states. Figure 6 and its zero field 
analog are useful in classifying the experimental levels into |a-sets. 
But, since the figure has six-fold symmetry one must know the p,-value of 
at least one level from other considerations before the selection rules 
can be used to classify other levels into ^i-sets. 
G. Breakdown of the Selection Rules 
In the HsC case Zeeman elements connect PWF's in adjacent n-sets 
to each other, and, depending on the strength of the field and the close­
ness of the levels at zero field, the |i-sets will begin to mix. The 
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/ 
M. = +1 
M = +11/2, 
-1/2,-13/2 
M, = 0 
M = +9/2, 
-3/2,-15/2 
M. = -1 
M = +7/2, 
-5/2,-17/2 
M = 0 
Line 
M = 0 
Line 
Legend : 
Electric Dipole, EpC = 
Electric Dipole, EsC = 
Magnetic Dipole, EpC = 
Magnetic Dipole, EsC = 
M. = +2 
M = 13/2, 
+1/2 , -11/2  
M = +15/2, 
+3/2,-9/2 
[ i  = >  - 2  
M = +17/2, 
+5/2,-7/2 
Y 
4 1 1 1 h 
Figure 6. Electric and magnetic dipole selection rules 
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selection rules in Table 12 will not apply when the mixing becomes large 
cince the (i-uumbers are no longer good quantum numbers. Because of the 
apparent breakdown of selection rules at high magnetic field in the HsC 
certain transitions which are not allowed for electric dipole 
.It low fields begin to be observed. 
Mirao, Spcdding and Good (50) have discussed the behavior to be 
e%}cctcd of pairs of levels when a magnetic field is applied parallel to 
v-r.d perpendicular to the c-axis. This behavior gives a qualitative basis 
for making the ^-number assignments to supplement the selection rule in-
f.-jr-.?.atior.. All levels will split in a parallel magnetic field and the 
levelo ir.ay crosu unless they belong to the same p.-set. In the pcrpendic-
ulcr rajnotic field the (0,+3) ii-levels will have zero or very small 
splittinjj, but the other levels may have large magnetic ôplictings. No 
levels may cross in the HsC case since they are all connected in one grand 
364::2.o4 sccular equation which is not reducible to smaller determinants. 
Figure 7 chows this qualitative information. 
HsC HpG 
Figure 7. Qualitative behavior of Zeeman levels in HpC and HsC 
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IV. EXPERIMENTAL RESULTS 
A. General Remarks and Tables 
The preliminary work for this thesis included all photographically 
accessible regions of the erbium spectrum, but data will only be pre­
sented which adds to the information already published. 
Multiplets 3 and 4 (refer to page 4 for the numbering system) in the 
infrared are given with their Zeeman effects. These multiplets have been 
reported at zero field by Erath (45) and Wong (47). The visible multiplets 
from Multiplet 5 to Multiplet 12 have been reported by Severin (41), 
Smith (43), Erath (45) and Hellwege et alii (44), some of whom studied 
the Zeeman effect. These multiplets will not be given again except for 
Multiplet 6 which is given in three dilutions having erbium and yttrium 
in the ratios 1:50, 1:9 and 1:0. 
Multiplet 13 was reported by Smith (43) with its Zeeman behavior. 
This thesis will report Multiplet 13 at higher magnetic fields than Smith 
used in order to bring out additional lines. Multiplet 16 is given at 
2 
zero magnetic field. This multiplet, corresponding probably to the 
state, has not been reported in erbium ethylsulphate although Hufner (46) 
located it in erbium chloride about 32628cm 
Multiplets 17, 18 and 21 are given with their Zeeman effects. Other 
ultraviolet multiplets, 19, 20 and 22 through 30, are included without a 
magnetic field. These last multiplets were photographed both with and 
without a polarizer in the optical path. The line energies listed in 
Table 16 were measured from unpolarized spectra, but the polarization of 
most lines were found from the plates containing polarized spectra. 
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The data on line energies are presented in five tables which identify 
each line by a number or a number and letter designation. The number 
specifies a zero field line and the letters distinguish the Zeeman com­
ponents if there are more than one. The line energies are given in wave-
numbers. The line Intensity is given immediately after the energy in the 
tables. The intensities are taken directly from the chart paper micro-
photometer traces of the photographic plates and are meant only as a 
rough measure of the relative intensities of lines within a single 
multiplet. The lines are presented at four values of magnetic field and 
zero field. The magnetic field values given in Table 2 are roughly in 
the ratios of 0, l/4, 1/2, 3/4 and 1 times the maximum field and will 
be referred to as H~l, H~3/4, etc. for short. 
The lines are listed by multiplets in order from red to blue. Each 
multiplet list is subdivided according to the four combinations of magnetic 
field and polarizer orientations which were studied. 
The line energies are listed to the nearest l/lOth wavenumber in 
Table 16 and to the nearest l/lOOth wavenumber elsewhere. This is not 
meant to imply that all the lines have the same precision. Lines listed 
as very intense, such as 90 to 100, were often flat-topped and thus the 
line centers were uncertain. 
The letters PP, PS, SP, SS are short for the cases: HpC EpC, HpC EsC, 
HsC EpC, and HsC EsC. In Table 16, P, S and U mean EpC, EsC and polar­
ization unknown, respectively. 
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Table 13. Zeeman lines at 20°% from 1:50 crystals 
Line Energy in cm"^  and intensity 
no. H=1 H=3/4 H~l/2 H=l/4 H=0 
Multiplet #6, PP Case (3.3 mm) 
la 18413.32 6 18414.01 5 18414.74 12 18415.75 5 18416 .81 5 
lb 18422.51 5 18420.90 5 18419.43 8 18418.03 5 
lAa 18431.26 2 
lAb 18434.42 3 
4a 18486.42 8 18486.91 13 18487.37 20 
4b c 18488.59 67 18488.58 68 18488.50 65 18488.49 58 18488 .55 55 
4d 18490.67 7 18490.18 15 18489.56 21 
4A 18490.15 8 18490.16 4 18490 .16 2 
Multiplet #6, PS Case (3.3 mm) 
2a 18442.62 4 18442.89 4 18443.17 4 18443.56 4 18443 .35 4 
2b 18447.53 4 18446.51 2 18445.54 3 18444.72 4 
3a 18456.67 4 18457.69 2 18458.70 3 18459.82 4 
3b 18458.89 49 18459.40 39 18459.85 44 18460.42 42 18560 .35 58 
3c 18463.12 36 18462.64 33 18462.04 40 18461.52 37 
3d 18465.32 4 18464.28 3 18463.19 5 18462.08 3 
4a 18486.25 73 18486.78 72 18487.23 68 18487.81 67 
4b c 18488.41 27 18488.42 31 18488.34 27 18488.36 33 18487 .92 64 
4d 18490.56 73 18490.06 70 18489.45 65 18488.91 80 
Multiplet #6, SP Case (3.3 mm) 
1 18415.54 3 18415 .81 3 18415 .96 3 18416.13 3 18416.08 2 
3a 18455.20 3 18456 .44 2 
3b 18466.38 8 18464 .98 4 18463 .51 3 
4b 18485.12 65 18485 .77 63 18486 .43 49 18487.28 67 18488.15 58 
4c 18492.00 80 18491 .05 69 18490 .03 55 18489.09 72 
Multiplet #6, SS Case (3 .3 mm) 
2a 18441.75 3 18442 .35 3 18443 .05 2 18443.45 4 18443.60 4 
2b 18446.11 4 18445 .67 4 18445 .37 2 18444.55 3 
3a 18455.80 24 18456 .98 32 18458 .32 35 18459.65 32 18460.57 37 
3b 18466.98 67 18465 .57 57 18464 14 54 18462.58 42 
4a 18481.47 67 18483 .04 57 18484 .82 62 18486.72 49 18488.11 80 
4d 18494 .92 78 18492 .89 64 18490.79 55 
4A 18496.92 6 
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Table 14. Zeeman lines at 20°K from 1:9 crystals 
Line 
no. H~1 
Energy in cm and intensity 
H=3/4 H=l/2 H=l/4 H~0 
Multiplet #3, PP Case (3.4 mm) 
4c 10246.92 29 10246.97 22 
4d 10249.24 25 
5a 10247.78 38 10248.14 37 10248 .58 26 10248 .87 15 
5b 10248.78 45 10248.92 35 10249 .13 26 
5c 10250.12 40 10249,94 35 10249 .77 27 
5d 10251.08 53 10250.71 38 10250 .37 28 10250 .03 16 
6a 10265.29 20 10266.74 26 10268 .33 27 10270 .09 15 
6b 10267.66 23 10268.54 29 10269 .55 27 10270 .67 14 
6c 10277.00 25 10275.75 25 10274 .47 20 10273 .12 11 
6d 10279.42 28 10277.50 25 10275 .72 24 10273 .74 13 
6B 10278.24 16 
10249.48 27 
10271.82 28 
la 10201.11 4 10201.38 3 10203.39 8 
lb 10204.17 2 
lA 10207.70 7 10206.55 2 10205.33 3 10204.91 5 
3a 10224.31 4 10224.61 5 10225.36 3 10227.30 12 
3b 10231.71 4 10229.90 3 
3Aa 10225.38 4 
3Ab 10226.22 6 10226.48 4 
4a 10243.89 5 10245.38 2 
4b 10246.22 7 10246.40 8 10246.76 4 10246.74 5 10246.81 27 
4c 10246.99 10 10246.96 8 
4d 10249.20 9 10247.43 2 
5a 10247.77 14 10248.07 8 10248.55 6 10248.99 5 
5b 10248.75 13 10248.83 6 10249.13 5 10249.45 25 
5c 10250.14 12 10249.87 7 10249.81 5 
5d 10251.12 15 10250.72 7 10250.36 4 10249.96 5 
5A 10267.40 3 
6a 10266.60 2 10268.25 2 
6b 10267.67 12 10268.49 9 10269.54 9 10270.63 6 10271.87 30 
6c 10277.01 11 10275.72 12 10274.41 2 10273.06 7 
6d 10279.41 4 10277.50 4 10273.68 4 
6A 10273.41 2 10271.29 3 
7a 10291.91 6 10293.50 8 10295.10 5 10296.69 20 
7b 10303.13 2 10301.56 7 10299.98 10 10298.28 3 
Multiplet #3, SP Case (3.4 mm) 
lb 10199.86 11 
4b 10238.50 28 10240.47 36 10242.63 23 10244.42 15 
4d 10245.92 46 10246.37 49 10246.89 36 10247.01 33 
4e 10246.41 9 10246.67 14 
4f 10247.51 59 10247.50 60 10247.50 45 
! 
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Table 14. (Continued) 
Line Energy in cm and intensity 
no. H=1 H=3/4 H=l/2 H=l/4 H=0 
Multiplet #3 (Continued) 
4i 10249 .92 54 10249.53 67 10249 .26 58 
4j 10252 .00 64 10251.15 68 10250 .27 58 10248 .81 46 
4k 10257 .14 21 10252 .75 53 10250.25 45 
41 10257 .58 68 10255.14 58 
6a 10266 .29 19 10267.56 22 10268 .91 24 10269 .92 35 
6b 10267 .38 52 10268.34 48 10269.41 40 10270 .19 35 
6c 10277 .07 55 10276.13 52 10274 .66 45 10272 .73 32 
6d 10278 .58 31 10276.87 28 10275 .12 31 10273 .10 30 
6Aa 10264 .57 6 
6Ad 10280 .09 10 10278.02 6 
Multiplet #3, SS Case (3.4 mm) 
la 10196 .54 5 10198.20 8 10199 .87 13 10200 .40 6 
lb 10198 .90 5 10199.87 6 10200 .82 5 10201 .56 7 
Ic 10206 .58 6 10205.86 12 10205 .09 13 10204 .42 9 
Id 10210 .35 5 10208.92 7 10207 .43 8 10206 .01 6 
lA 10201.79 3 
2 10209 .46 6 
3a 10224 .94 3 10225.50 5 10226 .01 7 
3b 10226 .54 2 10226.83 5 10227 .04 15 10227 .43 24 
3c 10227 .77 9 10227.71 12 10227 .57 17 
3d 10229 .07 3 10228.80 5 10228 .30 11 
3Ad 10229.40 5 
4a 10236 .34 34 10238.92 68 10241 .67 57 10244 .55 57 
4b 10240.50 7 10242 .58 10 10244 .94 17 
4c 10240 .81 11 10242.57 38 10244 .45 46 10246 .31 34 
4d 10246.35 10 10246 .86 9 
4e 10246 .32 12 
4£ 10247 .48 80 10247.49 68 10247 .48 60 10247 .45 65 
4g 10248 .60 8 
4h 10249 .82 60 10249.08 34 10248 .43 26 10247 .72 47 
4i 10249 .82 60 10249.53 69 10249 .25 67 10249 .18 72 
4j 10251 .97 36 10251.14 55 10250 .25 58 
4k 10257 .07 8 10252 .77 13 
41 10255.02 8 10250 .60 43 
4m 10261 .07 36 10258.12 51 10255 .06 66 10252 .08 66 
6a 10266 .30 41 10267.53 45 10268 .88 62 
6b 10267 .39 7 10268.35 9 10269 .38 16 10270 .41 49 
6c 10277 .45 16 10276.10 17 10274 .68 24 10273 .48 55 
6d 10278 .56 49 10276.91 51 10275 .20 66 
6Ab 10268 .88 5 10269.39 4 
6Ac 10275 .74 3 10274.68 3 
7a 10292 .25 13 10293.14 13 10294 .13 24 10295 .35 18 
Table 14. (Continued) 
Line Energy in cm"^  and intensity 
no. H~1 H~3/4 H~l/2 H=l/4 H=0 
Multiplet #3 (Continued) 
7b 10303.37 13 10302.05 19 10299.94 22 10298 .23 20 
7Aa 10293.49 4 
Multiplet #6, PP Case (3.4 mm) 
la 18412.60 46 18413.27 58 18414.07 62 18414 .99 65 18416 .08 84 
lb 18421.82 40 18420.23 41 18418.69 53 18417 .31 60 
3b 18458.80 25 18459.45 18 18459.64 13 18460 .11 13 18460 .62 15 
3c 18461.66 7 18461 .12 10 
4a 18485.95 57 18486.46 57 18486.93 70 
18488.36 60 18487.59 60 18488.14 70 18488 .16 70 18488 .02 66 4c 18488.58 55 
4d 18490.57 46 18490.01 45 18489.31 65 
Multiplet #6, PS Case (3.4 ram) 
2a 18442.09 24 18442.52 19 18442.78 28 18443 .18 20 18443 .70 35 
2b 18446.72 16 18446.16 14 18445.20 20 18444 .34 19 
3a 18456.36 38 18457.26 36 18458.33 46 18459 .48 35 
3b 18458.71 53 18459.23 44 18459.66 57 18460 .10 50 18460 .65 51 
3c 18462.35 52 18462.19 46 18461.66 56 18461 .13 46 
3d 18464.63 44 18464.14 36 18462.98 40 18461 .80 38 
4a 18485.96 54 18486.47 40 18487.01 58 
4bc 18488.28 51 18488.26 41 18488.21 75 18488 .15 85 18488 .22 49 
4d 18490.66 49 18490.07 40 18489.43 69 
Multiplet #6, SP Case (3.4 mm) 
1 18415.93 38 18416.39 31 18416.44 26 18416 .43 24 18416 .46 54 
3a 18455.64 40 18457.03 18 18458.22 11 18459 .56 4 
3b 18466.79 40 18465.62 20 18464.06 11 
4b 18485.66 33 18486.46 21 18487.01 14 18487 .69 16 18488 .60 44 
4c 18492.56 51 18491.76 21 18490.67 15 18489 .48 10 
Multiplet #6, SS Case (3.4 mm) 
2a 18441.25 10 18441.88 6 18442.38 5 18443 .52 5 
2b 18445.73 10 18445.25 6 18444.66 5 18444 .09 5 
3a 18455.35 28 18456.47 12 18457.69 15 18459 .01 10 18460 .48 10 
3b 18466.51 28 18465.07 15 18463.50 14 18461 .98 13 
4a 18481.04 16 18482.55 4 18484.23 4 18486 .03 4 18488 .09 3 
4d 19496.53 58 18494.54 12 18492.32 4 18490 .34 8 
Multiplet #13 , PP Case (3.4 mm) 
4 27458.50 2 27458.58 2 27458.77 2 27459 .12 2 27459 .38 2 
7a 27463.93 4 
8a 27467.99 2 27466.87 8 27466.22 4 27466 .12 4 
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Table 14. (Continued) 
Line Energy in cm"^  and intensity 
no. H=3/4 H=l/2 H=l/4 
Multiplet #13, (Continued) 
8b 27469.80 4 27468.48 2 27467.27 2 
8Aa 27467.70 11 27466.95 9 27466.83 8 27467.26 11 
8Ab 27470.41 6 27469.20 5 27467.98 6 
14a 27508.36 52 27509.22 40 
14b 27508.78 20 27509.71 43 27509.69 55 27509.36 51 
14Aa 27507.94 56 
14Ab 27509.86 54 
15a 27507.52 31 
15b 27510.03 31 
15Aa 27508.78 20 27508.98 38 27509.13 54 27509.36 51 27509.55 42 
16a 27509.66 23 27509.71 43 
16b 27512.19 24 27511.60 29 
Multiplet #13, PS Case (3.4 mm) 
3a 27430.22 2 27430.49 2 27431.52 3 
3b 27434.77 2 27433.74 2 27433.20 3 
5a 27458.97 2 27459.92 2 27460.82 6 
5b 27465.95 3 27464.62 2 27463.06 2 27461.57 2 
7a 27463.83 6 27463.95 7 27464.19 4 27464.49 4 27464.98 8 
7b 27467.87 4 27466.98 2 27466.17 3 27465.46 3 
7Aa 27464.55 3 27464.62 2 27464.79 3 27464.90 2 27465.49 22 
7Ab 27468.62 3 27467.63 2 27466.77 3 27465.81 2 
7Ba 27465.26 3 27464.90 2 
7Bb 27469.53 3 27468.42 2 27467.85 2 
7Cb 27468.86 2 
8Aa 27468.62 3 27467.63 2 
12a 27500.30 13 27501.68 11 27502.85 7 27503.86 5 
12bc 27502.84 7 27503.66 3 27504.03 2 27504.53 6 
12d 27505.26 5 27505.25 3 27505.16 3 27504.90 2 
13a 27504.02 1 
14a 27506.20 2 27507.77 12 27508.39 9 27508.78 8 
14b 27508.74 11 27509.70 8 
14Aa 27507.37 14 27508.00 12 27508.73 7 27509.14 8 27509.42 9 
14Ab 27509.73 10 27509.98 9 27509.72 8 
15a 27507.55 12 
15b 27510.03 4 
15Aa 27508.74 11 27508.99 8 27509.16 7 
15Ab 27511.31 14 27510.84 10 27510.49 9 
16a 27509.58 8 27509.70 8 27509.98 9 27510.84 8 
16b 27512.15 14 27511.57 10 27511.20 3 27511.24 3 27511.77 8 
16c 27515.49 7 27514.46 5 27513.43 3 27512.48 4 
16d 27518.04 14 27516.44 11 27514.74 7 27513.12 5 
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Table 14. (Continued) 
Line Energy in cm"^  and intensity 
no. H=1 H=3/4 H=l/2 H~l/4 H=0 
Multiplet #13, SP Case (3.3 mm) 
4 27455.59 2 27456.76 2 
5a 27457.62 3 27457.97 4 27458.70 5 27459. 97 5 
5b 27460.17 3 
7b 27466.49 2 27466.20 2 27466.10 3 
7Aa 27463.96 3 
9a 27468.38 5 27467.99 6 27467.60 5 27467.40 5 27467. 10 5 
9b 27470.51 2 27469.57 3 27468.14 3 
11a 27495.44 14 27497.29 8 
lib 27506.55 10 27506.24 6 27503.34 2 27502.78 1 
llAa 27496.99 3 27499.96 3 
12a 27497.40 15 27498.83 14 27500.85 6 
12b 27499.52 16 27500.61 5 27502.12 6 27503.43 1 
12c 27508.51 7 27507.73 5 27506.73 3 
12d 27510.70 15 27509.52 14 27507.95 9 
13a 27502.50 5 27503.34 2 
13b 27513.12 1 27511.26 1 27508.43 1 
14a 27502.84 17 27503.68 27 27505.24 27 27507.19 20 
14b 27506.23 1 27506.90 4 27507.95 9 27508.89 5 27509. 37 17 
14c 27513.99 5 27512.59 7 27511.10 6 27510.16 8 
14d 27517.39 25 27515.83 31 27513.80 25 27511.77 21 
16a 27508.27 1 27508.60 4 27509.39 3 27510.47 2 
16b 27510.70 15 27509.98 6 27510.05 2 27511. 72 
16c 27519.32 1 27517.45 1 27513.47 6 
16d 27521.39 27 27518.97 31 27515.88 21 
17 27512.22 3 
18 27514.26 1 
Multiplet #13, SS Case (3.3 mm) 
la 27425.85 2 27430. 37 1 
lb 27428.46 2 
2a 27428.62 3 27429.13 7 27429.77 6 27430.34 6 27430. 88 4 
2b 27432.24 3 27431.98 4 27431.74 6 27431.28 6 
5a 27457.62 8 27458.21 5 27459.04 4 27460. 13 4 
5b 27459.79 7 27460.14 9 27460.26 13 27460.38 5 
6a 27460.38 5 
6b 27462.05 6 27461.90 6 27461.40 6 27461.03 6 
7a 27463.11 3 27463.09 8 27463.41 12 27463.96 16 27464. 76 15 
7b 27466.39 5 27466.19 9 27466.08 11 27465.58 15 
9a 27468.30 5 27467.77 9 
9b 27470.26 7 27469.25 11 27468.05 6 
10a 27468.30 5 
10b 27472.02 3 27472.80 3 
10c 27479.40 6 27478.35 4 
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Table 14. (Continued) 
Line -1 
no. H«1 H~3/4 H=l/2 H=l/4 H=0 
Multiplet #13 (Continued) 
lOd 27483.26 3 
lib 27506.54 14 27506.16 9 27503.22 11 
12a 27497.28 13 27498.97 21 27500.79 27 27500.66 24 
12b 27499.44 18 27500.77 29 27502.04 25 27503.33 13 27504.33 18 
12c 27508.29 33 27507.56 32 27506.60 9 
12d 27510.37 35 27509.36 27 27507.86 30 
12Aa 27497.43 8 
12Ab 27499.63 10 
13a 27501.86 8 27502.58 10 27503.22 11 27503.96 5 
13b 27513.01 7 
14a 27502.77 5 27503.78 4 
14b 27507.86 30 27508.75 47 
14c 27513.91 33 27512.36 57 27510.92 53 27510.12 4 
14d 27517.33 30 27515.55 48 27513.69 45 27511.61 25 
16a 27508.29 33 27508.62 42 27509.38 51 27510.61 39 
16b 27510.37 35 27509.93 52 27509.92 49 27511.72 23 
16c 27517.22 4 27515.18 10 27513.32 45 
16d 27521.34 17 27518.55 29 27515.78 47 
16A 27511.46 20 
Multiplet #17, PP Case (3.4 mm) 
la 31543.71 8 31543.96 11 31544.56 22 31545.15 15 31546.00 25 
Ib 31550.24 6 31549.04 10 31547.88 16 31546.78 14 
3b 31633.44 65 31632.66 50 31633.34 52 31633.31 58 31633.28 38 3c 31634.06 50 
Multiplet #17, PS Case (3.4 mm) 
2a 31588.08 6 
2b 31589.81 37 31589.94 33 31590.09 43 31590.27 36 31590.46 60 
2c 31591.23 32 31591.00 27 31590.82 35 31590.63 36 
2d 31592.97 10 31592.18 7 31591.16 8 
3a 31631.60 35 31631.93 29 31632.43 45 31632.97 48 31633.32 73 
3d 31635.26 27 31634.70 30 31634.32 45 31633.90 45 
Multiplet #17, SP Case (3.3 mm) 
1 31545.78 18 31545.83 28 31545.87 30 31546.04 22 31545.92 15 
2a 31586.30 14 
2b 31596.51 9 31595.43 20 
2Aa 31588.98 10 
2Ab 31602.06 15 31601.14 28 
2Ba 31590.16 11 
2Ga 31602.96 18 
2Cb 31603.88 15 
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Table 14. (Continued) 
Line 
no. 
Energy in cm~^  and intensity 
H=1 H=3/4 H=l/2 HZl/4 H=0 
3b 31629.65 61 
3c 31638.24 62 
31630.23 
31637.13 
70 
70 
Multiplet #17, SS Case (3.3 mm) 
2a 31585.41 35 31586.38 30 
2b 31596.52 77 31594.97 55 
3a 31627.04 50 31628.34 50 
3d 31640.80 60 31638.93 59 
31631.18 
31635.68 
31587.58 
31593.42 
31629.83 
31637.00 
60 
63 
40 
53 
60 
55 
31632.45 56 
31634.55 55 
31588.96 
31591.87 
31631.52 
31635.12 
40 
35 
45 
45 
31633.17 42 
31590.34 
31633.20 59 
Table 15. Zeeman lines at 20°K from undiluted crystals 
Line Energy in cm"^  and intensity 
no. 11=1 H=3/4 5=1/2 H=l/4 PÔ 
Multiplet #4, PP Case (3.4 mm) 
Ibc 12383.16 75 12382.69 69 12382.33 74 12382 .12 65 12382 .08 68 
2a 12424.41 22 12424.98 20 12425.54 19 12426 .14 21 
2bc 12426.83 4 12426.80 7 12426.78 12 12426 .77 8 12426 .79 33 
2d 12429.27 19 12428.66 19 12428.05 16 12427 .40 17 
Multiplet #4, PS Case (3.4 mm) 
la 12380.24 3 12380.61 8 12380.98 7 12381 .54 8 12382 .22 33 
lA 12386.41 7 12385.13 19 12384.07 9 12383 .00 14 12381 .80 10 
IB 12425 .60 19 
2a 12424.41 55 12424.95 67 12425.53 75 12426 .12 46 
2bc 12426.74 55 12426.73 65 12426.72 65 12426 .71 45 12426 .78 80 
2d 12429.08 62 12428.54 65 12427.93 73 12427 .31 46 
2Aa 12426.44 23 
2Ac 12427.61 56 12427.43 6 12427.24 7 12428 .59 8 
2Ad 12429.83 9 12429.15 13 12427 .93 18 
2B 12429.87 6 
Multiplet #4, SP Case (2.8 mm) 
la 12378.31 29 12379.65 39 12380.45 19 12381 .29 60 
lb 12379.86 55 12380.86 83 12381.29 29 12381 .68 78 12382 .05 62 
Ic 12383.05 45 12383.25 80 12382.88 22 12382 .51 69 
Id 12384.73 32 12384.58 40 12383.77 12 12383 .93 43 
2b 12420.33 12 12421.70 12 
2d 12425.18 7 12425.40 6 
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Table 15. (Continued) 
Line 
no. 
Energy in cm"-'- and intensity 
H=3/4 H=l/2 H=l/4 H=1 H=0 
Multiplet #4 (Continued) 
2e 12429.83 12 12429.03 11 
2f 12431.45 4 
2g 12434.53 13 12432.65 13 
Multiplet #4, SS Case (2.8 mm) 
12430.65 
2a 12418 .62 59 12420 .42 65 12422.37 50 12424.55 56 
2b 12420 .24 4 12421 .64 5 12423.22 6 12425.28 5 
2c 12423 .36 59 12424 .02 62 12424.83 50 12425.73 56 12426 .70 50 
2d 12425 .15 3 12425 .36 3 12425.80 5 12426.47 4 
2e 12429 .78 10 12429 .00 8 12428.23 9 12427.23 7 
2f 12431 .40 62 12430 .25 70 12429.04 51 12427.89 _50 
2g 12434 .45 6 12432 .60 6 12430.65 5 12428.70 5 
2h 12436 .27 60 12433 .98 68 12431.66 52 12429.20 55 
2Aa 12427 .26 31 
Multiplet #6, PP Case (1.3 mm) 
18413.18 64 18413.97 57 
18420.11 57 18418.58 59 
18459.04 9 18459.47 5 
la 18412.48 57 
lb 18421.76 53 
3b 18458.51 4 
4b 18486.55 50 
4c 18488.86 38 
18414.86 
18417.18 
42 
42 
18415.93 58 
18488.82 40 18488.81 37 18489.45 52 18488.70 35 
Multiplet #6, PS Case (1 .3 mm) 
2a 18442.49 46 18442 .63 60 18442.86 37 18443.26 36 18443 .78 68 
2b 18447.32 38 18446 .16 54 18445.18 39 18444.37 33 
3a 18456.42 7 18457 .40 11 18458.42 12 18459.47 17 
3b 18458.42 56 18458 .92 64 18459.45 44 18460.02 34 18460 .62 70 
3c 18462.98 52 18462 .37 63 18461.80 34 18461.13 32 
3d 18464.98 8 18463 .89 18 18462.77 16 18461.70 16 
3A 18460 .67 4 
3B 18462.85 2 
4a 18486.46 59 18486 .92 67 
4bc 18488.40 34 18488 .43 65 18488.45 42 18488.45 42 18488 .50 70 
4d 18490.61 41 18490 .00 46 
4A 18492.22 15 18491 .68 18 18491.10 13 18490.60 11 18490 .02 20 
Multiplet #6, SP Case (1 .3 mm) 
1 18415 .65 74 18415 .78 48 18415 .86 47 18415 .88 42 18415 .82 51 
2a 18441 .49 2 
2b 18445 .85 2 
3a 18455 .45 47 18456 .62 35 18457 .82 18 18459 .14 9 
3b 18466 .67 51 18465 .21 40 18463 .63 23 18462 .11 9 
4b 18485 .87 54 18486 .39 48 18486 .85 42 18488 .54 60 18488 .88 46 
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Table 15. (Continued) 
Line 
no. 
Energy in cm"^  and intensity 
H=1 H=3/4 H=l/2 H=l/4 H=0 
Multiplet #6 (Continued) 
4c 18492.55 60 18491.58 
4A 18484.79 52 
4B 18494.44 30 
4C 
44 18490.15 46 
18491.05 
18491.98 
38 
30 18490.98 30 
Multiplet #6, 
2a 18441.53 
18445.98 
18455.47 
18466.74 
SS Case (1.3 mm) 
38 18442.12 52 18442.59 50 18443.12 42 18444.06 27 
2b 
3a 
3b 
3A 
4a 
4b 
4c 
4d 
4C 
la 
lb 
2b 
3bc 
3A 
18481.42 
18485.62 
18492.42 
18497.02 
31543.37 
31549.99 
31589.55 
31633.65 
Multiplet #17, 
2a 
2b 
2c 
2d 
2A 
3b 
3c 
31587.19 
31589.54 
31591.12 
31593.54 
31587.98 
31633.93 
45 18445.43 56 18444 .82 56 18444.25 45 
50 18456.62 61 18457 .80 61 18459.13 54 18460.39 28 
46 18465.19 59 18463 .61 62 18462.10 58 
18463.29 3 
36 18482.95 53 18484 .62 52 18486.46 48 
7 18486.04 6 18486 .61 14 18488.63 32 
8 18491.28 12 18490 .19 14 18489.24 18 
32 18494.79 50 18492 .61 42 18490.50 52 
18490.19 14 
PP Case (3.4 mm) 
40 31543.69 26 31544 .13 25 31544.64 45 31545.43 51 
37 31548.66 21 31547 .41 23 31546.24 38 
8 31589.67 3 31589.12 3 31589.98 5 
53 31633.41 35 31633 .50 45 31633.56 28 31633.57 60 
31639.67 23 
PS Case (3.4 mm) 
27 31587.84 28 31588 .42 23 31588.79 14 
63 31589.66 53 31589 .80 47 31589.40 40 31590.16 45 
67 31590.88 51 31590 .59 42 31590.15 54 
32 31592.72 27 31591 .91 34 31591.03 38 
7 31588.78 10 
80 31631.83 60 31633 .50 50 31633.49 60 31633.67 58 31634.34 80 
Multiplet #17, SP Case (3.3 mm) 
1 31545.42 52 31545.48 75 31545 .48 47 31545.65 55 31545 .58 65 
2a 31585.27 56 31586.31 53 31587 .45 20 31588.78 15 
2b 31596.38 32 31594.80 57 31593 .28 27 
2B 31596.10 25 31590.13 15 
3b 31630.00 50 31630.60 68 31633 .57 52 31634.01 47 31633 .96 65 
3c 31637.45 58 31636.94 50 
3Aa 31636.08 30 31639 .54 33 
3Ab 31641.86 35 
31648 .90 14 3B 31644.10 33 
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Table 15. (Continued) 
Line Energy in cm"^  and intensity 
no. H=1 H:3/4 H=l/2 H=l/4 0 
Mult iplet #17, SS Case (3.3 mm) 
2a 31585.22 58 31586.20 42 31587.41 52 31583.80 52 31590 • 27. 52 
2 b 31596.40 68 31594.79 40 31593.21 58 31591.64 49 
2Aa 31587.43 8 31587.65 7 31583 .:'4 24 
2Ab 31590.21 15 31589.80 12 31589.35 16 
3 a 31627.35 65 31628.60 39 31630.05 60 31631.33 55 
3 b 31628.71 30 31533 .34 55 
3c 21638.56 23 
3d 31640.55 65 31639.06 47 31637.23 60 31635.20 55 
Multiplet #13, PP Case (3.4 mm) 
la 32980.85 25 32980.86 11 32982.03 7 32982.12 30 32982 . 54  40 
lb 32986.49 25 32985.38 17 32984.39 27 32983.29 25 
2r. 33001.22 65  33001.64 39 33002.13 57 33002.52 60 
2b 33002.82 62 33002.86 45 33002.85 63 - - 60 33003 .05 C7 
2 c 33003.65 50 33003.43 36 33003.44 63 — — 60 
2d 33005.28 75 33004.64 40 33004.23 59 33003.71 61 
5 a 33103.90 9 
5 b 33106.67 52 33108.04 31 33109.32 42 33110.50 31 33111 . 92  52 
5  c  33117.59 32 33116.63 20 33115.08 24 33113.OS 23 
5d 33119.90 12 
;-fultiplet #13, PS Case (3.4 mm) 
2 i  33001.15 12 33001.58 11 33002.54 30 33003 .24 14 
2d 33005.04 10 33004.69 11 33003.66 30 
PJ. 33019.28 6 
3 be 33027.32 40 33027.36 38 33027.39 43 33027.29 77 33027 .42 
3d 33030.05 6 33028.88 14 
A 33105 .74 4 
5 a 33104.35 11 33106.12 14 33108.04 15 33110.02 39 3 3 - ;  n o  .04 r.i 
5-1 33119.^ 5 10 33118.17 9 33116.00 13 33113.58 20 
:\;lti plot: • #18, SP Case (3.3 mm) 
1 32982 .44 10 32982.45 10 32982 .52 13 32982 .51 11 32382 .60 10 
r.n 3 2 •? 'J 3 13 32995.71 17 32998 .04 24 33000 . 60 15 
Ibc 3:.09 4 . 1 : 1  ! ( •  
2d 33012 .47 19 33010.36 17 33008 .03 26 33005 .56 16 
3 a 33022 .26 3 33023.14 1 33024 .45 3 33027 .23 1 
3 b 33037 .27 5 33031.92 3 33030 .28 3 33028 .76 2 
5a 33106 .90 9 33108.12 6 33109 .18 11 33110 .42 7 33112 .06 
5b 33118 .42 18 33116.73 12 33115 .15 17 33113 .3i 10 
3A 33121 . 32 3 
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Table 15. (Continued) 
Line Energy in cm"^  and intensity 
no. H=1 H=3/4 H=l/2 H=l/4 H~0 
Multiplet #18, SS Case (3.3 mm) 
2c 33004.70 4 33004.27 5 33003.86 3 33003.50 3 33002.96 
2A 33018.60 3 
3a 33022.44 3 33023.33 4 33024.53 5 33025.78 4 33027.17 22 
3b 33033.34 6 33031.84 6 33030.32 5 33028.82 6 
3A 33065.81 2 
5a 33107.29 2 33108.21 3 33109.12 2 33110.45 2 33111.61 6 
5b • 33118.24 2 33116.56 3 33115.07 2 33113.39 2 
Multiplet #21, PP Case (3.4 mm) 
3a 34911.11 40 34911.61 35 34912.11 37 34912.82 35 34913.70 53 
3b 34918.40 42 34917.05 30 34915.72 36 34914.54 35 
3A 34924.00 27 
4bc 34925.59 65 34925.56 55 34925.53 68 34925.49 60 34925.45 62 
4A 34927.68 22 
Multiplet #21, -ps Case (3.4 mm) 
1 34877.22 7 
2a 34879.63 17 34879.83 19 34879.88 13 34880.92 15 34880.97 20 
2b 34884.10 15 34883.48 24 34882.24 9 
4a 34923.78 49 34924.04 45 34924.21 52 
4bc 34925.90 52 34925.92 40 34926.24 32 34926.87 52 34925.68 50 
4d 34927.63 48 
4A 34921.84 15 
4B 34927.63 48 34928.48 40 34929.24 20 
5a 34955.12 50 34955.92 37 
5b 34957.58 53 34957.13 29 
5c 34959.67 63 34959.46 45 31 34958.41 45 34958.56 42 5d 34961.98 55 34961.18 39 
y•w 
Multiplet #21, SP Case (3.3 mm) 
3 34913.85 46 34913.81 42 34913.79 58 34913.78 47 34913.88 38 
4a 34918.26 53 34919.82 50 34921.61 62 34923.67 52 
4b 34922.85 6 34923.94 5 34925.74 51 
4c 34929.37 11 34928.40 10 34927.42 11 
4d 34933.94 55 34931.87 60 34929.81 72 34927.72 52 
5a 34953.62 14 34954.53 9 34955.59 7 34956.75 4 
5b 34964.87 22 34963.22 11 34961.56 6 
Multiplet #21, SS Case (3.3 mm) 
la 34871.63 8 34874.05 5 34874.80 6 
lb 34874.64 7 34874.67 8 34874.79 7 34874.74 4 
2a 34878.41 7 34878.87 9 34879.53 17 34880.25 7 34880.86 20 
2b 34882.95 15 34882.41 12 34881.94 10 34881.40 10 
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Table 15. (Continued) 
Line Energy in cm"^  and intensity 
no. H=ï H=3/4 H=l/2 H=l/4 
Multiplet #21 (Continued) 
2A 34887.85 9 
4a 34918.15 45 34919.73 35 34921.53 32 34974.05 5 
4b 34922.82 31 34923.37 37 34924.09 35 34925 .61 40 
4c 34929.45 23 34928.56 35 34925.65 30 
4d 34933.91 34 34931.88 31 34930.04 35 
4A 34925.76 16 
4B 34946.01 6 
5a 34953.33 38 34954.62 36 34955.68 31 34956.93 25 34958 .40 35 
5b 34964.88 34 34963.38 27 34961.52 23 34959.91 20 
5A 34956.88 17 
Table 16. Zero field unpolarized lines at 78°K from undiluted crystals 
(2.9 mm) 
Mult. Line Energy Pol. Int. Mult. Line Energy Pol. Int. 
no. no. in cm"^  no. no. in cm"^  
1 29738.2 S 1 22 3 36370.7 P.S 29 
2 29778.4 S 1 4 36435.3 P.S 30 
3 29785.8 U 1 5 36466.8 P.S 27 
4 29816.4 P,s 6 6 36498.3 S 24 
5 29857.4 P,S 6 7 36541.6 P.S 66 
6 29895.4 P,S 6 8 36566.4 P 10 
7 29917.9 P,S 2 9 36601.7 S 13 
8 29935.3 P,S 1 
9 29950.4 P,S 1 23 1 38496.3 u 2 
2 38558.0 P 13 
1 33201.4 s 21 3 38593.4 s 6 
2 33434.6 s 15 4 38605.7 u 4 
5 38625.2 s 18 
1 33985.6 s 6 6 38637.1 p 24 
2 34033.8 p.s 22 7 38668.9 P.S 61 
3 34065 .0 P,S 47 8 38681.3 s 19 
4 34110.0 P.S 100 
24 1 38902.1 u 2 
1 36302.7 s 5 2 38955.9 u 3 
2 36340.5 s 5 3 39012.7 u 10 
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Table 16. (Continued) 
Mult. Line Energy Pol. 
no. no. in cra"^  
Int. Mult. 
no. 
Line 
no. 
Energy 
in cm'l 
Pol. Int. 
24 
25 
26 
27 
4 39022.8 U 6 27 5 41166.5 U 41 
5 39067.8 U 2 6 41189.8 U 30 
6 39101.7 U 12 7 41204.4 U 11 
7 39131.8 u 38 8 41231.8 u ' 7 
8 39141.4 u 46 9 41276.0 u 22 
9 39165.2 u 65 
28 1 41623.3 u 16 
1 39245 to 2 41767.9 u 10 
39400 u 100 3 41793.4 u 12 
2 39448.9 u 68 
29 1 42312.3 u 15 
1 39535.4 u 23 2 42335.4 u 10 
2 39573.7 u 23 3 42356.5 u 9 
3 39595.9 u 42 4 42379.2 u 21 
4 39680.1 u 3 
5 39711.9 u 11 30 1 43424.2 u 7 
2 43493.3 u 30 
1 41061.1 u 45 3 43541.7 u 40 
2 41090.7 u 44 4 43581.4 u 30 
3 41136.8 u 33 5 43604.8 u 30 
4 •41159.5 u 31 6 43661.7 u 15 
Table 17. Zeeman Lines at 20 K from undiluted crystals showing rotation 
effect 
Line 
no. 
Energy in cm"^  and intensity 
H=1 H=3/4 H=l/2 H=l/4 H=0 
Multiplet #4, SP Case (3.4 ram) 
la 12378 .15 26 12379 .56 39 12380.40 40 12381 .24 40 
lb 12379 .87 53 12380 .84 69 12381.21 59 12381 .59 60 
Ic 12382 .87 54 12383 .16 67 12382.80 57 12382 .45 50 
Id 12384 .73 29 12384 .55 33 12383.74 34 12383 .02 35 
2a 12418 .63 6 12420 .41 8 12422.44 6 
2b 12420 .26 18 12421 .68 19 12423.22 10 
2c 12423 .36 7 12424 .04 12 12424.85 9 
2d 12425 .10 11 12425 .39 9 12425.79 6 
2e 12429 .74 15 12428 .97 15 12428.20 8 12427 .52 4 
2f 12431 .37 14 12430 .22 18 12429.02 13 12427 .86 5 
12381.98 69 
12426.68 40 
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Table 17. (Continued) 
Line 
no. 
Energy In cm"^  and intensity 
H=1 H=3/4 H=l/2 H=l/4 H=0 
Multiplet #4 (Continued) 
2g 12434.45 22 12432.56 22 12430 .58 12 12428.61 4 
2h 12436.20 6 12433.88 9 12431 .52 6 12429.15 3 
Multiplet #4, SS Case (3.4 mm) 
la 12378.22 12 12379.58 10 12380 .38 8 12381.61 13 
lb 12379.69 5 12380.78 6 12381 .14 4 12381.72 9 12382 .12 14 
Ic 12382.90 6 12383.14 7 12382 .75 6 12382.28 7 
Id 12384.54 7 12384.45 7 12383 .62 6 12382.73 10 
lA 12385 .70 3 
2A 12425 .50 9 
2a 12418.56 67 12420.40 77 12422 .34 59 12424.57 67 
2b 12420.20 69 12421.60 74 12423 .14 49 12424.87 67 
2c 12423.30 73 12423.97 73 12424 .75 50 12425.70 66 
2d 12425.05 68 12425.36 77 12425 .70 52 12426.19 64 12426 .68 55 
2e 12429.71 69 12428.92 74 12428 .15 54 12427.44 67 
2f 12431.33 68 12430.16 75 12428 .95 55 12427.78 68 
2g 12434.37 72 12432.54 73 12430 .55 53 12428.60 68 
2h 12436.17 70 12433.90 74 12431 .47 59 12429.08 68 
2B 12428 • 46 5 
B. Handling of the Data 
The system of energy levels for erbium ethylsulphate may be found 
from the line energy data contained in Tables 13 through 17, by the Ritz 
combination principle. The method used in this work may be illustrated 
by referring to the energy level diagram in Figure 8. The two lower 
pairs of energy levels in this figure represent energy levels in the 
ground multiplet, and the upper pair of levels represent a Zeeman pair 
in an excited multiplet. Disregarding selection rules there are two zero 
field lines and eight Zeeman lines corresponding to excitation out of 
the ground multiplet of this system. The energies of these ten lines are 
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H = 0 H ^ 0 
W5 ^ g^ lûOOOctn" ^ 
W3 4= 50cm"^  
Wj^  2= 0 cm - 1  
W5=10006cm - 1  
W5= 9995cm' - 1  T 
7! 
W4= 52cm~^  
W3= 47cm - 1  
W2~ Icra"1 
W^ = -lcm-1 
Lines 1 2 la Ib le Id 2a 2b 2c 2d 
Figure 8Illustrative energy level system 
given by Equation 31. 
E(l) II 6-%3,4 = 9950cm"1 E(ld) II
 II 9959cm" 
E(2) = W5^  6-Wl,2 = 10000cm"! E(2a) = W5 I
I 9994cm" 
E(la) II 1 II 9943cm"! E(2b) II - = 9996cm" 
E(lb) II II 1 9948cm  ^ E(2c) = '^ 6 1 II 10005cm" 
E(lc) = % It 1 9954cm"! E(2d) II I
I 1 10007cm" 
(31) 
It is important to notice that the line energies, E(i), will be the 
same if a fixed increment of energy is added to every level in Figure 8, 
or even if the increment is added to the Zeeman levels but not to the 
zero field levels. Thus, there is an indeterminacy in the absolute value 
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of energy levels determined from line energies alone. Only the relative 
spacing between energy levels can be found from line energy data. Since 
this indeterminacy exists one may as well assume that the lowest pair of 
levels, and W2, split symmetrically about 0 cra"^ . This assumption 
greatly simplifies the calculation of energy levels. The accuracy of 
the assumption of symmetrical splitting can be checked by appealing to 
the g-sum rule which requires that the weighted center of an isolated, 
unperturbed multiplet be independent of the magnetic field. Hellwege et 
alii (44) have used this rule to find a very small asymmetric second 
order shift of the ,W2 pair with magnetic field. For this work the 
assumption of = -W2 will be retained. 
Three steps were used to get the energy levels from the line 
energies. In step one the lowest pair of levels, and W2, were calcu­
lated from all lines involving these levels using Equation 32. The 
lines involving and W2 are those which persist at very low tempera­
tures, even to 4.2°K. Step one was completed by finding mean values and 
standard deviations for and Wg. 
M, . -w, . E(2d) - E(2c) 
o: 
«2 . = G(2b) - E(2a) 
In step two the second pair of levels, and W^ , were found using 
the appropriate lines, the mean values for and W2, and Equation 33. 
This step was completed by finding mean values and standard deviations 
for and W^ . 
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W3 = E(2d) - E(ld) + Wi = E(2c) - E(ld) + Wg 
= E(2d) - E(lc) + = E(2c) - E(lc) + Wg 
W3 = E(2b) + E(lb) + #1 = E(2a) - E(lb) + 
= E(2b) + E(la) + = E(2a) - E(la) + Wg 
(33) 
In step three the excited pair, W3 and Wg, were found from the 
appropriate lines, the mean values of through W^ , and Equation 34. 
There are other ways of manipulating the line energy data to obtain 
the same levels but Equations 32 through 34 require the least number of 
steps and use every line even if only part of the Zeeman pattern is 
observed. 
The lines of Figure 8 are labelled a,b,c and d from red to blue. 
This same system was used in all the tables for four line patterns. But, 
if the Zeeman splittings are different than shown in the figure, account 
may have to be taken of this fact by interchanging the line energies 
E(lb) with E(lc) and E(2b) with E(2c) in Equations 32 through 34. When­
ever the full Zeeman pattern is observed there will be no doubt in apply­
ing the equations. 
Step three was finished by finding mean values for and W^ . 
W3 = E(la) + 
W5 = E(lb) + W3 
= E(lc) + W4 
= E(ld) + W3 
W5 = E(2a) + Wg 
W3 = E(2b) + 
Wg = E(2c) + Wg 
= E(2d) + 
(34) 
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C. Splitting of the and W2 Levels 
The Zeeman splitting of the levels centered at 0 cm"^  was calcu­
lated from the data in Tables 13, 14 and 15. The results are given in 
Tables 18 and 19 for the HpC and HsC cases, respectively. In these and 
later tables some splittings appear which are too large or too small to 
fit under a normal error distribution curve for the bulk of the values. 
These splittings are marked with a (+) or (-) and are averaged sepa­
rately. The explanation for the (+) and (-) levels is not known at 
present. Evidently they arise from some combination energy levels but 
one can only speculate at present upon the cause of the combination 
levels. The question will be discussed later. 
Table 18. Splitting of the 0 cm"^  levels in the HpC case 
W2-W1 at the magnetic field H 
Er:Y Mult. Pol. Line^  Lineg H=1 H=3/4 H~l/2 H~l/4 
p 4a 4bc 2.17 1.67 1.13 
p 4bc 4d 2.08 1.60 1.06 
s 3a 3b 2.22 1.71 1.15 .60 
s 3c 3d 2.20 1.64 1.15 .56 
s 4a 4b c 2.16 1.64 1.11 .55 
s 4bc 4d 2.15 1.64 1.11 .55 
p 4c 4d 2.32 
p 5a 5c 2.34 1.80 1.19 
p 5b 5d 2.36 1.79 1.24 
p 6a 6b 2.37 1.80 1.22 .58 
p 6c 6d 2.42 1.75 1.25 .62 
s 4a 4b 2.33 
s 4c 5d 2.21 
s 5a 5c 2.37 1.80 1.26 
s 5b 5d 2.37 1.89 1.23 
s 6a 6b 1.89 1.29 .66 
s 6c 6d 2.40 1.78 1.06 .62 
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Table 18. (Continued) 
%2-Wl at the magnetic field H 
Er:Y Mult. Pol. Line^  Line2 H=1 H=3/4 H=l/2 H=l/ 
1:9 6 P 4a 4bc 2.41 1.21 
P 4b e 4d 2.21 1.27 
S 3a 3b 2.35 1.97 1.33 .62 
S 3c 3d 2.28 1.95 1.32 .67 
S 4a 4b c 2.32 1.79 1.20 
s 4bc 4d 2.38 1.81 1.22 
1:9 13 p 14a 14b 1.33 
p 14Aa 14Ab 1.92 
p 15a 15b 2.51 1.29 
p 15Aa 15Ab 2.51 1.95 1.19 
p 16a 16b 2.53 1.89 
s 12a 12bc 2.54 1.98 1.18 
s 12bc 12d 2.42 1.59 1.13 
s 14a 14b 2.54 1.93 
s 14Aa 14Ab 2.36 1.26 .58 
s 15a 15b 2.48 1.33 
s 15Aa 15Ab 2.57 1.85 1.33 
s 16a 16b 2.57 1.87 1.22 .40 
s 16b 16d 2.55 1.99 1.31 .64 
1:9 17 SP 3aS 3cP 2.13 
SP 3bP 3dS 2.04 
s 2a 2b 1.86 
s 2c 2d 1.97 1.36 .56 
1:0 4 p 2a 2bc 2.42 1.82 1.24 .63 
p 2bc 2d 2.44 1.86 1.27 .63 
s 2a 2bc 2.33 1.78 1.19 .59 
s 2bc 2d 2.34 1.81 1.21 .60 
s 2Ac 2Ad 2.22 1.72 
1:0 6 s 3a 3b 2.00 1.52 1.03 .55 
s 3c 3d 2.00 1.52 .97 .57 
s 4a 4b c 1.94 1.51 
s 4b c 4d 2.21 1.57 
1:0 17 s 2a 2b 2.35 1.82 1.38 .61 
s 2c 2d 2.32 1.84 1.32 .88 
1:0 18 p 2a 2c 2.43 1.79 1.31 
p 2b 2d 2.46 1.78 1.38 
SP 5aS 5bP 2.32 1.92 1.28 
00 
Table 18. (Continued) 
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W2-'W]^  at the magnetic field H 
Er:Y Mult. Pol. Line^  Lineg H=1 H=3/4 H=l/2 H=l/4 
1:0 18 SP 
S 
1:0 21 S 
S 
5cP 3dS 2.36 
3bc 3d 2.73 
5a 5b 2.46 
5c 5d 2.31 
1.54 .92 .50 
1.49 
Table 19. Splitting of the 0 cm"^  level in the HsC case 
W2-W2 at magnetic field H 
Er:Y Mult. Pol. Line^  Lineg H^ ï H=3/4 H=l/2 H=l/4 
1:50 6 
1:9 
1:9 
1:9 13 
PS 4aS 4cP 10.53 8.01 5.21 2.37 
PS 4bP 4dS 9.15 6.46 3.51 
p 3a 3b 11.18 8.54 
s 3a 3b 11.18 8.59 5.82 2.93 
p 4d 4k 11.22 5.86 3.24 
p 4e 41 11.17 8.47 
p 6a 6c 10.78 8.57 5.75 2.81 
p 6b 6d 11.20 8.53 5.71 2.91 
s 4a 4f 11.14 8.57 5.81 2.90 
s 4b 4h 8.58 5.85 2.78 
s 4c 11.16 8.57 5.80 
s 4d 4k 5.91 
s 41 4m 11.25 8.59 5.81 2.90 
s la le 10.04 7.66 5.22 4.02 
s Ib Id 11.45 9.05+ 6.61 4.45 
s 6a 6c 11.15 8.57 5.80 
s 6b 6d 11.17 8.56 5.92 
s 7a 7b 11.12 8.91+ 5.81 2.88 
p 3a 3b 11.15 8.59 5.84 
s 3a 3b 11.16 8.60 5.81 2.97 
p lia 11b 11.11 8.95+ 
p 12a 12c 11.11 8.90+ 5.88 
p 12b 12d 11.18 8.91+ 5.83 
p 13a 13b 8.76 
p 14a 14c 11.15 8.91+ 5.86 2.97 
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Ti.bl2 19. (Continued) 
W2-W2 at magnetic field H 
Er:Y î>lult. Pol. Line^ Line2 H=1 11=3/4 H=l/2 K=l/4 
1:9 13 p 14b 14d 11.11 8.93+ 5.65 2.G8 
t  16a 16c 11.05 8.85+ 3 .00 
P 16b 16d 10.69 8.99+ 5 .83 
S 10a 10c 11.10 
S 10b lOd 11.24 
S 12a 12c 11.01 8.59 5.81 
s 12b 12d 10.93 8.59 5.82 
s 13a 13b 11.15 
c 14a 14c 11.14 8.58 
s 14b 14d 5.83 2.86 
s 16a 16c 8.60 5.80 2.71 
s 16b 16d 10.97 8.62 5.86 
1:9 17 PS 3aS 3cP 11.10 8.79 5.85 3.03 
l'S 3bP 3dS 11.15 8.70 5.22 2.67 
s 2a 2b 11.11 8.59 5.o4 2.91 
1:0 4 2b 2f 11.12 
s 2a 2e 11.16 8.58 5 . 0 6  2.CG 
s  2b 2f 11.16 8.61 5.82 2.61 
s  2c 2g 11.09 8.58 5.o2 2.97 
s  2d 2h 11.12 8.62 5.36 2.73 
1 :G 6 p 3a 3b 11.22 8.59 5.61 2.97 
PS 4aS 4cP 11.13 8.63 5 . 5 3  
PS 4bP 4dS 11.15 8.40 5.76 
s  4a 4c 11.00 8.33 5 . 5 7  2.73 
s  3a 3b 11.27 8.57 5 . 3 1  2.97 
s  4b 4d 11.40 8.75 6.00 
1 : C  17 p 2a 2b 11.11 8.49 5.83 
PS 3bP 3dS 10.95 8.46 
0 2a 2b 11.18 8.59 5.80 2.84 
s  3a 3c 11.21 
1 : 0  1 3  j  5a 5b 11.52 8.61 5.97 2.92 
PS 3aP 3cS 11.08 8.70 5.67 
PS 3bS 3dP 8.59 5.75 2.98 
s  5a 5b 10.95 8.35 5.95 2.94 
1 : 0  21 p 4a 4c 11.11 8.58 5.81 
p 4b 4d 11.09 5.87 
p 5a 5b 11.25 8.69 5.97 
0 /i /-* 11 a 
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Table 19. (Continued) 
W2-W1 at magnetic field H 
Er:Y mit. Pol. Line^  Lineg H=1 H~3/4 H=l/2 H=l/4 
1:0 21 S 4b 4d 11.09 8.51 5.95 
S 5a 5b 11.00 8.76 5.84 2.98 
In Tables 18 and 19 the Zeeman splitting, , is dependent on the 
crystal dilution and the magnitude and direction of the magnetic field. 
There is no measurable difference in between values found from EpC 
and EsG lines. The mean values and standard deviations for are 
given in Table 20. 
Table 20. Splitting of the 0 cm"^  pair of levels, HpC and HsC 
Field Wg-Wi at magnetic field H 
direction Dilution Splitting H=1 H=3/4 H=l/2 H=l/4 
HpC 1:50 W2-W1 2.16 
+0.05 
1.65 
+0.04 
1.12 
+0.04 
0.56 
+0.03 
1:9 W2-W1 2.41 
+0.10 
1.88 
+0.08 
1.26 
+0.06 
0.62 
+0.05 
1:0 W2-W1 2.31 
+0.15 
1.72 
+0.14 
1.23 
+0.17 
0.57 
+0.06 
HsC 1:50 
1:9 
W2-W1 
(Wg-Wi)* 
11.0 
+0.4 
8 . 6  
+0.5 
8.90 
+0.08 
5.8 
+0.6 
2.9 
+0.6 
1:9 W2-W1 11.15 
+0.05 
8.58 
+0.02 
5.88 
+0.04 
2.88 
+0.10 
1:0 W2-W1 11.12 
+0.10 
8.58 
+0.13 
5.86 
+0.08 
2.86 
+0.13 
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D. Splitting of the and Levels 
The energies of the pair of levels near 44cm"^  were found from the 
lines in Tables 13, 14 and 15 and equations selected from the Set 33. 
Many instances were found of the (+) and (-) levels. Table 21 shows the 
values calculated for and in the HpG case. In the HsC case the 
W3 and levels remain degenerate so far as could be determined in this 
work, although theory requires that the degeneracy be lifted in second 
order. The HsC results are given in Table 22. Table 23 gives the mean 
values and standard deviations for both HpC and HsC cases. The splitting 
was dependent on dilution and field but not on line polarization. 
Table 21. Energies_,of the 44cm"^  pair of levels, HpG case 
and at magnetic field H 
Er:Y Mult. Pol. Line^  Lineg H=1 H=3/4 H~l/2 H=l/4 H=Ô 
PS 3aS laP 44.43 44.50 44.52 44.35 43 .54 
PS 3bS laP 44.49 44.57 44.55 44.39 
PS 3cS IbP 41.69 42.56 43.17 43.77 
PS 3dS IbP 41.73 42.56 43.20 43.77 
PS 4aP 2aS 44.88 44.84 44.76 45 .20 
PS 4bcP 2aS 44.89 44.87 44.77 44.65 
PS 4bc 2bS 42.14 42.89 43.52 44.05 
PS 4dP 2b S 42.06 42.85 43.46 
S 4a 2a 44.71 44.71 44.62 44.53 44 .57 
s 4b c 2a 44.71 44.71 44.61 44.52 
s 4b c 2b 41.96 42.73 43.36 43.92 
s 4d 2b 41.95 42.73 43.35 43.91 
PS 5bP IbS 42.68+ 43.41+ 
PS 5dP IbS 42.58+ 43.22+ 
PS 6aP 3aS 42.18 43.07 43.60 44 .52 
PS 6bP 3aS 42.15 42.99 43.56 
PS 6cP 3b S 44.98 45.20+ 
PS 6dP 3bS 44.85 45.19+ 
S 6a 3a 42.93 43.52 44 .57 
S 6b 3a 42.16 42.94 43.55 
73 
Table 21. (Continued) 
W3 and W4 at magnetic field H 
Er:Y Mult. Pol. Llne^  ^ Lineg H~1 H~3/4 H=l/2 H=l/4 
S 6c 3b 44.95 45.14+ 
s 6d 3b 44.85 
p 3b la 45.00 45.24+ 44.94 44.81 : 44 .54 
p 3c Ib 43.60 44.12 
PS 3aS laP 44.96 44.93 44.89 44.80 44 .57 
PS 3bS laP 44.91 45.02 44.96 44.80 
PS 3cS IbP 42.73+ 42.90 43.60 44.13 
PS 3dS IbP 42.61+ 42.97 43.66 44.18 
PS 4aP 2aS 45.06 44.88 44.78 44 .32 
PS 4bP 2aS 45.07 44.73 44.67-
PS 4cP 2bS 42.84+ 43.57 44.13 
PS 4dP 2bS 42.65+ 42.91 43.48 
s 4a 2a 45.07 44.89 44.86 44 .52 
s 4b 2a 44.99 44.80 44.80 44.66-
s 4c 2b 42.76+ 43.04 43.64 44.12 
s 4d 2b 42.74+ 42.97 43.60 
p 15a 7a 44.79-
p 15b 7a 44.90 
p 16a 8Aa 42.95 
p 16b 8Aa 42.96 
PS 14bP 7BaS 42.32 
PS 14AaP 7aS 44.93 
PS 14AbP 7aS 44.97 
PS 15AaP 7bS 42.11 42.94 43.59 44.21 44 .57 
PS 15AbP 7bS 42.22 43.01 43.62 
PS 16aP 8AaS 42.24 43.02 
PS 16bP 8AaS 42.37 43.03 
PS 16aS 8AaP 42.98 43.66 44.32- 44 .51 
PS 16bS 8AaP 42.93 43.62 44.10 
PS 16cS 8AbP 44.99 44.86 44.81 
PS 16dS 8AbP 45.09 44.91 44.83 
S 14a 7Ba 42.14 
s 14b 7Bb 42.28 
s 14Aa 7a 44.74- 44.99 45.17+ 44.96 44 .44 
s 14Ab 7a 44.70- 45.16+ 44.92 
s 15a 7a 44.92 
s 15b 7a 45.00 
s 15Aa 7b 42.07 42.95 43.62 
s 15Ab 7b 42.24 42.92 43.69 
s 16a 8Aa 42.16 43.01 
s 16b 8Aa 42.33 43.00 
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Table 21. (Continued) 
W3 and at magnetic field H 
Er:Y Mult. Pol. Line^  Lineg H=1 H~3/4 H=l/2 H=l/4 H=Ô 
1:9 17 PS 2aS laP 45.06 44.46 
PS 2b S laP 44.91 45.04 44.90 44.81 
PS 2cS IbP 42.19 42.90 43.57 44.16 
PS 2dS IbP 42.99 43.67 44.07 • 
1:0 4 p 2a Ibc 42.41 43.15 43.83 44.28 44.71 
p 2bc Ibc 42.51 43.25 43.83 44.35 
p 2bc Ibc 44.83- 44.97- 45.07 44.91 
p 2d Ibc 44.95 45.11 45.10 44.98 
s 2a la 45.33+ 45.20 45.17 44.86 44.56 
s 2b la 45.34+ 45.26 45.12 44.89 
s 2Ac lA 42.36 43.16 43.75 
s 2Ad lA 42.26 43.16 
1:0 6 p 3b la 44.87+ 45.00+ 44.88+ 
PS 3aS laP 45.10 45.08 45.07 44.89 44.69 
PS 3bS laP 44.78- 44.88- 44.86- 44.88 
PS 3cS IbP 42.38 43.12 43.84 44.23 
PS 3dS IbP 42.06- 42.92- 43.57- 44.24 
S 4a 2a 45.13 45.15 44.72 
s 4b 2a 44.75- 44.94- 44.97 44.91 
s 4c 2b 42.24 43.13 43.89 44.36 
s 4d 2b 42.13- 42.98-
1:0 17 p 2b la 45.02 45.12 44.30 44.55 
PS 2aS laP 44.98 45.01- 44.91 44.43 44.73 
PS 2bS laP 45.01 45.11 45.05 44.48 
PS 2cS IbP 42.29 43.08 43.80 44.19 
PS 2dS IbP 42.39 43.20 43.88 44.51 
s 3bc 2A 44.79-
1:0 18 PS 3bcS laP 45.31+ 45.64 44.74- 44.89 44.88 
PS 3bcS IbP 41.99- 42.84- 43.62- 44.28 
PS 3dS IbP 42.40 43.57 
1:0 21 PS 4bP 2bS 42.65 42.94- 43.91 44.48 
PS 4cP 2aS 44.80- 44.87- 45.03 
PS 5aS 3aP 45.17 45.17 
PS 2b S 3aP 45.31+ 
PS 5cS 3bP 42.43 43.27 
PS 5dS 3bP 42.42 43.27 
S 4a 2a 45.31+ 45.07 44.71 
S 4b 2b 42.96+ 43.30 
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Table 21. (Continued) 
W3 and at magnetic field H 
Er:Y Malt. Pol. Line^ Lineg H=1 H=3/4 H=l/2 H=l/4 ïï^ 
1:0 21 S 4c 2a 45.11 45.23 
S 4d 2b 42.37 
Table 22. Energies of the 44cm"^ pair of levels, HsC case 
W3 and at magnetic field H 
Er:Y Mult. Pol. Line^ Lineg H=1 H=3/4 H=l/2 HZ 1/4 PÔ 
1:50 6 P 3a 1 
P 3b 1 
S 4a 2a 
S 4d 2b 
P 4b Ib 
PS 4fP laS 
PS 4bP IbS 
PS 4jP lAS 
PS 4dP IcS 
PS 4kP IcS 
PS 4iP IdS 
PS 6aP 3b S 
PS 6bP 3cS 
PS 6cP 3b S 
PS 6dP 3cS 
s 4a la 
S 4f la 
s 4b Ib 
s 4h Ib 
s 4c lA 
s 4j lA 
s 4d le 
s 4k le 
s 4i Id 
s 4m Id 
s 6a 3b 
s 6b 3c 
s 6c 3b 
s 6d 3c 
45.2 44.9 
45.3 44.9 44.6 
45.2 45.0 44.7 44, .7 
45.3 45.0 44.6 44 .8 
44.90 
45.39+ 45.01 44.69 
45.18 44.89 44.75 
45.07 
44.92- 44.80- 44.74 44 .03 
44.98- 44.72 44 .39 
45.15 44.90 44.77 
45.32+ 45.02 44.81 
45.19 44.92 44.78 
44.95- 45.01 44.68 
45.23 44.87 44.61 
45.38+ 45.01 44.74 44 .59 
45.36+ 45.00 44.67 44 .61 
44.92 44.70 44 .82 
45.34+ 44.92 44.67 44 .72 
45.07 
45.06 
44.78- 44.71 
44.91- 44.74 
45.15 44.90 44.76 44 .61 
45.14 44.91 44.69 44 .63 
45.34+ 44.99 44.78 
45.20 44.93 44.75 
45.33+ 44.98 44.70 
45.21 44.91 44.69 44 .61 
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Table 22. (Continued) 
W3 and at magnetic field H 
Er:Y Malt. Pol. Line^ LinSg H=1 H=3/4 H~l/2 H=l/4 
1:9 S 6Ab 3d 45.39+ 44.88 
S 6Ac 3a 45.22 44.89 
1:9 3a 45.29+ 44.93 44.72 44.57 
p 3b 1 45.19 44.94 44.68 
s 4a 2a 45.37+ 44.96 44.79 
s 4d 2b 45.22 45.00 44.72 44.81 
1:9 13 P lia 4 45.43+ 44.99 
P 11b 4 45.38+ 45.02 
P 12a 5a 45.36+ 45.32+ 45.09+ 
P 12b 5b 44.70 
P 12c 5a 45.31+ 45.30+ 45.11+ 
P 14b 7b 45.37+ 45.16+ 44.78 
P 14d 7b 45.32+ 45.17+ 44.76 
P 16a 9a 45.47+ 45.07 44.73 44.71 
P 16b 9b 45.77+ 44.87 44.85 
P 16c 9a 45.36+ 45.00 44.63 
P 16d 9b 45.30+ 44.94 44.80 
PS llbS 4P 45.37+ 44.94 
PS 13aP 6bS 45.06 44.88 
PS 13bP 6bS 45.49+ 44.90 45.96 
PS 14aP 7aS 45.31+ 45.05 44.77 44.67 
PS 14cP 7aS 45.30+ 45.04 44.75 44.76 
PS 14bP 7bS 45.47+ 45.17+ 44.81 44.75 
PS 14dP 7b S 45.42+ 45.18+ 44.78 44.75 
S 12a 5a 45.24 45.22+ 44.69 
S 12b 5b 45.23 45.09 44.72 44.39 
S 12c 5a 45.09 44.89 44.62 
S 12d 5b 45.00- 44.76- 44.66 
S 13a 6b 45.39+ 45.14+ 44.76 44.37 
S 13b 6b 45.38+ 
S 14a 7a 45.24 45.15+ 
s 14b 7b 44.72 
S 14c 7a 45.22 44.81- 44.57 44.72 
s 14d 7b 45.36+ 44.90 44.67 
s 16a 9a 45.57+ 45.25+ 
s 16b 9b 45.69+ 45.14+ 44.81 
s 16c 9a 44.99 
s 16d 9b 45.50+ 44.84- 44.79 
44.61 
44.20 
1:9 17 2a 44.93 
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Table 22. (Continued) 
W3 and at magnetic field H 
Er:Y Mult. Pol. Line^ Lineg H=1 H=3/4 H=l/2 H=l/4 ÎFÔ 
1:9 
1:0 
17 
1:0 
1:0 17 
1:0 18 
p 2b 1 45.15 45.14+ 
p 2b Ib 46.03+ 45.13 
p 2f Ib 46.03+ 
p 2d Id 46.01+ 45.11 
p 2g le 45.92+ 45.11 44.84 
PS 2a la 45.87+ 45.06 44.85 44.69 44.65 
PS 2e la 45.91+ 45.06 44.85 44.51 
PS 2b Ib 45.99+ 45.07 44.86 45.03+ 
PS 2f Ib 45.98+ 45.10 44.82 44.78 
PS 2c le 45.87+ 45.06 44.88 44.65 
PS 2g le 45.84+ 45.06 44.84 44.76 
PS 2d Id 45.98+ 45.07 44.96 44.97+ 
PS 2h Id 45.98+ 45.11 44.96 44.84 
p 3a 1 45.36 45.13 44.89 44.69 
p 3b 1 45.46 45.14 44.84 44.78 
p 4b 2b 45.58 
p 4c 2a 45.51 
PS 3aS IP 45.38 45.13 44.87 44.68 44.59 
PS 3bS IP 45.53 45.12 44.82 44.79 
S 4a 2a 45.45 45.11 44.96 44.79 44.57 
s 4b 2b 45.20- 44.90- 44.72 
S 4c 2a 45.33 44.86- 44.67 44.69 
s 4d 2b 45.48 45.07 44.86 44.82 
P 2a 1 45.41 45.12 44.90 44.56 
p 2b 1 45.40 45.13 44.87 
PS 2aS IP 45.36 45.01 44.86 44.58 44.64 
PS 2bP IP 45.44 45.02 44.80 44.56 
PS 3bP 2AbS 45.35 45.09 45.22 
PS 3cP 2AaS 45.00 
s 3a 2Aa 45.48 ' 45.24 45.10 
s 3b 2Ab 44.06-
S 3c 2Aa 45.57 
s 3d 2Ab 45.18- 44.97 44.95 
P 3a 1 45.38 44.98 44.86 44.65 
p 3b 1 45.18 44.83 44.82 
PS 3aS IP 45.56 45.17 44.94 44.70 44.57 
PS 3bS IP 45.34 45.10 44.87 44.38 
1:0 21 5a 45.33 45.01 44.73 44.40 
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Table 22. (Continued) 
W3 and at magnetic field H 
Er:Y Mult. Pol. Line^ Lineg H=1 H=3/4 H=l/2 H=l/4 
p 5b 3 45.46 45.12 44.84 
PS 4aP 2aS 45.41 45.24 45.01 44.85 44.88 
PS 4bP 2bS 45.46 44.93 
PS 4cP 2aS 45.40 45.24 44.96 
PS 4dP 2bS 45.43 45.17 44.94 44.89 
PS 5aS 3P 45.59 45.10 44.82 44.58 44.52 
PS 5bS 3P 45.47 45.28 44.80 44.70 
s 4a 2a 45.30 45.15 44.93 44.75 
s 4b 2b 45.43 45.25 45.08 
S 4c 2a 45.48 45.40 
S 4d 2b 45.40 45.18 45.17 
Table 23. Position of the 44cm"^ levels in the HpC and HsC cases 
Field 44cm"^ levels at magnetic field H 
direction Dilution Level H=1 H=3/4 H=l/2 H=l/4 H=0 
HpC 1:50 44 .68  44.70 44.66 44.49 44.54 
^3 
HpC 1:9 W,(+) 
W 44.98 44.96 44.86 44.83 44.53 
4 nn m  j.n AC +0.05 
«%(-) 
W3(+) 
W3 
  
+0 .20 +0.15 +0 .11 +0.12 
41 .92 42.72 43 .34 43.89 
+0 .18 +0.14 +0 .14 +0.12 
45.24 45 .17 
± 7 +0 .03 
  
±0 .06 +0.09 +0 .07 +0.05
44 .74 44.66 
+0 .04 + ? 
42 .70 43.26 44.32 
+0 .08 ± 7 ± 7 
42 .21 42.97 43 .61 44.14 
+0 .08 +0.04 +0 .05 +0.04 
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Table 23. (Continued) 
Field 44cm ^ levels at magnetic field H 
direction Dilution Level H=1 H=3/4 H=l/2 H=l/4 
HpC 1:0 %%(+) 45.32 
+0.02 
*4 45.06 
+0.08 
45.15 
+0.06 
45.08 
+0.07 
44.89 
+0.02 
%%(-) 44.80 
+0.04 
44.94 
+0.06 
44.87 
+ ? 
%](+) 42.96 
± ? 
*3 42.37 
+0.08 
43.19 
+0.07 
43.81 
+0.04 
44.33 
+0.10 
%](-)  42.06 
+0.06 
42.92 
+0.06 
43.57 
+ ? 
HsG 1:50 
"3,4 45.25 
+0.05 
44.95 
+0.05 
44.60 
+0.05 
44.75 
+0.05 
HsC 1:9 W3,4(+) 45.37 
+0.05 
45.20 
+0.06 
45.10 
+ 1 
"3,4 45.19 
+0.04 
44.96 
+0.07 
44.74 
+0.06 
44.68 
+0.08 
44.95 
+0.04 
44.80 
+0.03 
44.38 
± ? 
HsG 1:0 "3,4 (+) 45.95 
+0.09 
45.00 
± ? 
"3,4 45.43 
+0.07 
45.11 
+0.08 
44.87 
+0.06 
44.72 
+0.11 
W3,4(-) 45.15 
+ ? 
44.88 
+ ? 
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E. Energies of the Excited Levels 
The energies of the excited levels were calculated from the equa­
tions in Set 34. The average values for the energies of the excited 
levels are listed in Table 24 at five values of magnetic field, including 
H =0. Also listed are the multiplet number, the relationship between 
the H and C directions, the dilution, the absorption lines involved, and 
the mu-value which best fits the selection rules. Primes on the mu-value 
distinguish states with the same mu-value in a multiplet. Plus and minus 
superscripts indicate the high and low energy components of states with 
mixed mu-values. 
Table 24. Excited Zeeman levels in erbium ethylsulphate 
Mu- Lines Energy of level at magnetic field H 
Mult. H:C Er:Y value involved H=1 H=3/4 H=l/2 H=l/4 H=0 
3 P 1:9 +0 4a, 4b 10245.06 45.46 46.07 46.43 46.81 
+3 4c ,4d 10248.09 47.90 46.80 
+1 5a,5c 10248.95 49.00 49.18 49.24 49.46 
+2 5b,5d, lb 10249.95 49.80 49.75 49.68 
+2' 6a,6b,3a 10266.48 67.59 68.93 70.36 71.84 
+1' 6c,6d,3b 10278.21 76.63 75.08 73.40 
+0' or 
+3' 
7a 
là 
90.97 
92.85 
92.87 
94.13 
94.79 
95.41 
96.69 
96.69 
+3' or 
+0' 
7b 
7b 
10301.93 
10304.33 
00.62 
02.50 
99.35 
00.61 
97.97 
98.59 
3 S 1:9 (0,3)- 4a,4f,la 10241.92 43.20 44.58 46.00 
(0 ,3)+ 4b,4h,lb 10244.30 44.80 45.53 46.27 
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Table 24. (Continued) 
Mu- Lines Energy of level at magnetic field H 
Mult. H:C Er:Y value involved H=1 H=3/4 H=l/2 H=l/4 H=0 
S 1:9 (-1-2)- 4c,4j,1A 10246.40 46.83 47.34 47.56 
(-1-2)+ 4d,4k,Ic 10251.52 50.65 49.82 48.78 
(1,2)- 4e,41 10252.13 50.83 49.16 
(1,2)+ 4i,4ra,Id 10255.51 53.84 52.17 50.65 
(-1-2)- 6Ac,3Aaa,3Ab 10270.14 70.42 70.75 
(+1+2)" 6a,6c,3b 10271.86 71.82 71.78 71.32 
(+1+2)+ 6b,6d,3c 10272.97 72.63 72.28 72.08 
(-1-2) + 6Ac, 6Ad, 3Ab 10274.47 73.72 73.04 
(0,3)- 7a, 7b 10297.81 97.60 97.04 96.79 
p 1:0 -2 2Aa,2Ab 12425.28 25.88 26 .46 
+3 2a,2b,la,Ibc 
2bc *12425.58 25.85 26.13 26.42 26 .80 
+0 2bc,2c,2d, 
Ibc 12427.98 27.67 27.38 27.04 
-1 2Ac,2Ad,lA 12428.74 28.30 27.85 27.52 
s 1:0 (-1-2)- 2a,2e,la 12424.24 27.73 25.30 25.93 26 .70 
(0,3)- 2b,2f,lb 12425.85 25.96 26.14 26.52 
(0,3)+ 2c,2g,lc 12428.94 28.36 27.74 27.22 -
(-1-2) + 2d,2h,ld 12430.71 29.68 28.70 27.74 
p 1:50 +0 3a,3b,la 18457.85 58.60 59.30 60.16 60 .85 
+3 3c,3d,lb 18464.32 63.51 62.67 61.84 
+1 4a,4bc,2a 18487.39 87,66 87.89 88.11 88 .12 
+2 4bc,4d,2b 18489.54 89.29 88.94 88.66 
Table 24. (Continued) 
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Mu- Lines Energy of level at magnetic field H 
Mult. H:C Er:Y value involved H=1 H=3/4 H=l/2 H~l/4 H=0 
6 P 1:9 +0 3a,3b,la 18457.56 58.31 58.98 59.80 60.63 
+3 3c,3d,lb 18463.49 63.18 62.31 61.45 
+1 4a,4bc,2a 18487.15 87.40 87.59 87.90 88.16 
+2 4bc,4d,2b 18489.46 89.13 88.58 88.47 
6 P 1:0 +0 3a, 3b,la 18457.39 58.16 58.89 59.75 60.59 
+3 3c,3d,lb 18463.93 63.10 62.24 61.45 
+1 4a,4b,4bc,2a 18487.46 87.72 87.99 88.16 88.55 
+2 4bc,4c,4d,2b 18489.60 89.30 89.18 88.72 
6 S 1:50 (0.+3) 3a,3b,l 18461.03 60.95 60.90 61.04 60.60 
(1.2)" 4a,4c,2a 18486.82 87.13 87.50 88.00 88.13 
(1.2)+ 4b,4d,2b 18491.14 90.44 89.76 89.13 
6 S 1:9 (0,3)- 3a,3b,l 18461.09 61.11 60.95 60.77 60.74 
(1,2)- 4a,4c,2a 18486.74 87.05 87.34 87.76 88.05 
(1,2)+ 4b,4d,2b 18491.04 90.40 89.58 88.93 
6 S 1:0 (0,3)1 3a,3c,l 18461.08 60.91 60.72 60.62 60.44 
(1,2)- 4a,4c,2a 18486.95 87.17 87.37 87.85 88.74 
(1,2)+ 4b,4d,2b 18491.39 90.51 89.67 89.01 
13 P 1:9 +3 12a,12bc 27501.57 02.67 03.44 04.17 04.53 
+0 12bc,12d 27504.05 04.46 04.53 04.59 
+2 14a,14b,7Ba 27507.50 08.75 09.04 09.06 
? 14Aa,14Ab,7a 27508.56 08.92 09.36 09.39 09.47 
? 15a,15b,7a 27508.79 
83 
Table 24. (Continued) 
Mu- Lines Enerev of level at magnetic field H 
Mult. H:C ErrY value involved H=1 H=3/4 H=l/2 H=l/4 H=0 
13 P 1:9 + 1 15Aa,15Ab, 
7Aa 27510.04 09.95 09.80 09.64 09.55 
0 16a,16b,8Aa 27510.88 10.64 10.58 11.02 11.78 
3 16c,16d,8Ab 27516.76 15.32 14.08 12.80 
13 S 1:9 (-1-2)-
(-1-2) + 
10a,10c 
10b,lOd 
27473.85 
27477.64 
73.90 
77.25 
(0,3)- 11a,lib,4 27500.98 01.76 01.03 01.34 
(0,3)+ 12a,12c,5a 27502.88 03.28 03.76 04.10 04.44 
(• l'-2')- 12b,12d,5b 27505.00 05.07 04.99 04.89 
(• l'-2')+ 13a,13b,6b 27507.46 06.98 06.15 05.56 
(1,2)- 14a,14c,7a 27508.36 08.14 08.12 08.69 09.19 
(1,2)+ 14b,14d,7b 27511.80 11.36 10.82 10.31 
(0,3)- 16a,16c,9a 27513.78 12.96 12.31 11.99 11.68 
(0,3)+ 16b,16d,9b 27515.90 14.40 12.90 
17 P 1:9 +0 2a,2b,la 31588.65 88.98 89.44 89.97 90.50 
+3 2c,2d,lb 31592.44 91.99 91.50 90.90 
+1 3a,3bc 31632.80 33.00 33.06 33.28 33.30 
+2 3bc,3d 31634.06 33.68 33.69 33.59 
17 P 1:0 +0 2a,2b,la 31588.39 88.74 89.14 89.15 90.08 
+3 2c,2d,lb 31592.34 91.82 91.22 90.58 
+1 3b 31632.77 32.88 33.21 33.67 
+2 3c 31635.09 34.12 33.77 
17 S 1:9 (0,3) 2a,2b,l 31590.97 90.82 90.53 90.52 90.40 
Table 24. (Continued) 
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Mult. H:C Er:Y 
Mu-
value 
Llnes 
involved 
Energy of 
H=1 
level 
H=3/4 
at magnetic field H 
H=l/2 H=l/4 H=0 
17 S 1:9 (1 .2)- 3c 31632.66 32.84 32.74 33.11 33.17 
(1 ,2)+ 3b 31635.23 34.52 34.12 33.89 
17 S 1:0 (0,3) 2a,2b,l 31590.82 90.56 90.34 90.26 90.23 
(1 ,2)- 3c,3a,2Aa 31632.92 32.77 32.98 33.26 33.73 
(1 ,2)+ 3b,3d,2Ab 31635.50 34.86 34.26 33.77 
18 P 1:0 +1 2a, 2c 33002.39 02.49 02.78 02.81 03.14 
+2 2b, 2d 33003.99 03.78 03.54 03.40 
+0 3b, la 33026.16 26.50 26.84 27.01 27.31 
+3 3c,3d,lb 33028.64 28.27 28.08 27.60 
+1' 5a,5b 33105.33 07.00 08.66 10.24 11.98 
+2' 5c,5d 33118.76 17.40 15.54 13.33 
18 S 1:0 (1 ,2)- 2a, 2c 32999.12 99.99 00.95 02.05 03.05 
(1 ,2)+ 2d 33006.91 06.07 05.10 04.13 
(0,3) 3a,3b,l 33027.87 27.56 27.40 27.34 27.22 
(1 ,2) '  5a,5b 33112.66 12.42 12.16 11.88 12.06 
21 P 1:0 +1 4a,4c,2a 34924.76 24.91 24.94 25.21 25.59 
+2 4b,4d,2b 34926.69 26.62 26.10 25.77 
+0 5a,5b,3a 34956.38 56.77 57.47 57.92 58.46 
+3 5c,5d,3b 34960.81 60.29 59.88 58.87 
21 S 1:0 (1 ,2)- 4a,4c,2a 34923.81 24.10 24.47 25.04 25.62 
(1,2)+ 4b,4d,2b 34928.38 27.59 26.94 26.30 
(0,3)+ 5a,5b,3 34959.31 58.93 58.58 58.38 58.47 
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Table 25 gives the ground and excited levels computed from the ultra 
violet lines in Table 16. The excited level energy is taken to be the 
same as the 0 cm"^ line if the line is observed. Otherwise, it is cal­
culated by adding the mean value of the 44cm"^ level (43.9cra"^) to the 
energy of the line Involving the excited level and tha 44cm''^ level. The 
excited level energy is written in parentheses in these cases. : 
Table 25. Energy levels in the ultraviolet region at 78°K in 1:0 crystals 
Mult, 
no. 
Mu-
value 
Line number and energy of level 
Excited level 44cm* ^ 75cm"^ 111cm"^ 171cm"^ 
16 (1,2) 6 29895.4 5 38.0 4 79.0 2 117.0 
19 ? 1 33201.4 
7 2 33434.6 
20 (-1,-2) 2 34033.8 1 48.2 
(1.2) 4 34110.0 3 45.0 2 76.2 
22 (-1,-2) (36414.6) 3 — — 2 74.1 1 111.9 
(1.2) 7 36541.6 6 43.3 5 74.8 4 106.3 3 170.9 
(0,3) 9 36611.7 8 45.3 7 70.1 6 113.4 4 176.4 
23 (1.2) 7 38668.9 5 43.7 3 75.5 2 110.9 1 172.6 
(0,3) 8 38681.3 6 44.2 4 75.6 
24 7 5 39067.8 4 45.0 2 111.9 1 165.7 
7 8 39141.4 6 40.7 5 73.6 
(-1.-2) (39201.1) 9 - - 7 77.3 6 107.4 
25 7 2 39448.9 
26 7 2 39573.7 1 38.3 
7 3 39595.9 
(-1.-2) (39755.8) 5 4 75.7 
27 7 3 41136.8 2 46.1 1 75.7 
(-1,-2) (41233.7) 6 - - 4 74.2 
7 9 41276.0 8 44.2 7 71.6 5 109.5 
28 7 1 41623.3 
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Table 25. (Continued) 
Mult. Mu- Line number and energy of level 
no. value Excited level 44cm"^ 75cin"^ lllcm"! 171cm"l 
28 ? 2 41767.9 
? 3 41793.4 
29 ? 3 42356.5 1 44.2 \ 
? 4 42379.2 2 43.8 
30 ? 3 43541.7 2 48.4 
(-1,-2) (43648.7) 5 -- 4 67.3 3 107.0 
7 6 43661.7 4 80.3 
Mean Values 43.9 74.7 110.6 171.4 
Standard Deviations +3.0 +3.3 +3.5 +4.4 
F. Anisotropic Zeeman Effect 
In the course of photographing spectra of Multiplet 4, an interest­
ing anisotropic effect was found in the Zeeman lines. The intensities 
and positions of some absorption lines depended on the angle between 
the magnetic field and the a-axis of the crystal sample. Subsequently 
the effect was closely studied experimentally by Spedding, Haas, Suther­
land and Eckroth (48, 59) and theoretically by Murao, Spedding and Good 
(50). The intensity variations in line 2 of Multiplet 4 of erbium are 
large while the line energies are changed only slightly. Table 26 shows 
the intensity variations in lines of Multiplet 4. Table 27 shows the 
shifts in energy levels. The unrotated crystals refer to the case in 
which the a-axis of the crystals (parallel to the broad natural faces of 
the crystal) were parallel to the magnetic field; the rotated crystals 
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Table 26. Comparison of intensities of absorption lines of rotated and 
unrotated crystals in Multiplet 4 
Line Intensity "unrotated" spectra Intensity "rotated" spectra 
no. H=î 3/4 i f ï  1/4 Ô H=ï JjX \fï ï/4 0 
SP Case 
la 29 39 19 60 62 26 39 40 40 69 
lb 55 83 29 78 53 69 59 60 
Ic 45 80 22 69 54 67 57 50 
Id 32 40 12 43 29 33 34 35 
2a 6 8 6 40 
2b 12 12 18 19 10 
2c 7 12 99 
2d 7 6 11 9 6 
2e 12 11 15 15 8 4 
2f 4 14 18 13 5 
2g 13 13 4 22 22 12 4 
2h 6 9 6 3 
SS Case 
la 12 10 8 13 14 
lb 5 6 4 7 
Ic 6 7 6 7 
Id 7 7 6 10 
2a 59 65 50 56 50 67 77 59 67 55 
2b 4 5 6 5 69 74 49 67 
2c 59 62 50 56 73 73 50 66 
2d 3 3 5 4 68 77 52 . 64 
2e 10 8 9 7 69 74 54 67 
2f 62 70 51 50 68 75 55 68 
2g 6 6 5 5 72 73 53 68 
2h 60 68 52 55 70 74 59 68 
Table 27. Energy level data for unrotated and rotated crystals 
Lines W2-W1 and differences at magnetic field H 
Sample involved H=1 H=3/4 H=l/2 H"l/4 H=0 
Values of for the SS Case 
Unrot. 2e 2a 11.16 8.58 5.86 2.68 
Rot. 2e 2a 11.15 8.52 5.81 2.87 
Difference -.01 -.06 -.05 +.19 
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Table 27. (Continued) 
Lines ^2"^1 differences at magnetic field H 
Sample involved H~1 H=3/4 H=l/2 H=l/4 
Values of Wg-W^ for the SS Case (Continued) 
Unrot. 2f 2b 11.16 8.61 5.82 2.61 
Rot. 2f 2b 11.13 8.56 5.81 2.91 
Difference -.03 -.05 -.01 + .30 
Unrot. 2g 2c 11.09 8.58 5.82 2.97 
Rot. 2g 2c 11.07 8.57 5.80 2.90 
Difference - .02 -.01 -.02 -.07 
Unrot. 2h 2d 11.12 8.62 5.86 2.73 
Rot. 2h 2d 11.12 8.54 5.77 2.89 
Difference .00 - .08 -.09 +. 16 
Values of the 44cm" level for the SP Case 
Unrot. 2a 2e la 
Rot. 2a 2e la 46.03 45.13 45.17 44.70 
Difference 
Unrot. 2b 2f lb 46.03 45.13 
Rot. 2b 2f lb 45.95 45.11 44.91 
Difference -.08 - .02 
Unrot. 2c 2g Ic 45.92 45.11 44.85 
Rot. 2c 2g Ic 46.03 45.14 44.92 
Difference + .11 + .03 + .07 
Unrot. 2d 2h Id 46.01 45.11 
Rot. 2d 2h Id 45.92 45.09 44.91 
Difference - .09 - .02 
Unrot. 2a 2e la 45.89 45.06 44.85 44.60 44.65 
Rot. 2a 2e le 45.92 45.08 44.87 44.84 44.56 
Difference + .03 + .02 + .02 + .24 -.09 
Unrot. 2b 2f lb 45.96 45.08 44.84 44.90 
Rot. 2b 2f lb 46.07 45.10 44.90 44.60 
Difference + .11 + .02 + .06 -.30 
Unrot. 2c 2g Ic 45.85 45.06 44.86 44.71 
Rot. 2c 2g Ic 45.92 45.12 44.90 44.87 
Difference + .07 + .06 + .04 +. 16 
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Table 27. (Continued) 
Lines ^2"^1 differences at magnetic field H 
Sample involved H=1 H=3/4 H=l/2 H=l/4 
Values of the 44cm~^ level for the SP Case (Continued) 
Unrot. 2d 2h Id 45.98 45.09 44.96 44.91 
Rot. 2d 2h Id 46.07 45.18 44.97 44.91 
Difference + .09 + .09 + .01 .00 
Value of the excited energy level for the SS Case 
Unrot. 2a 2e 12424.20 24.71 25.30 25.89 
Rot. 2a 2e 12424.14 24.66 25.25 26.00 
Difference - .06 -.05 -.05 + .11 
Unrot. 2b 2f 12425.82 25.94 26.13 26.58 
Rot. 2b 2f 12425.76 25.88 26.04 26.32 
Difference - .06 - .06 -.09 -.26 
Unrot. 2c 2g 12428.90 28.31 27.74 27.22 
Rot. 2c 2g 12428.84 28.26 27.65 27.15 
Difference - .06 -.05 -.09 -.07 
Unrot. 2d 2h 12430.71 29.67 28.73 27.84 
Rot. 2d 2h 12430.61 29.63 28.58 27.64 
Difference -.10 - .04 -.15 -.20 
26.70 
26.68 
- . 0 2  
refer to crystals turned about 20° from the unrotated position. 
The anisotropy in the intensity of line 2 in the SS case was marked 
and it persisted down to H~l/4. The energy shifts were all small in this 
multiplet so no quantitative statements are in order. Table 26 seems to 
show definite trends toward small positive and negative shifts. The 
few exceptions at H=l/4 may be due to the poor line resolution at the 
lowest field. 
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V, DISCUSSION OF THE RESULTS 
A. The Ground Multiplet 
Application of Hund's rule inverted for electron holes to the LSJ 
states of erbium predicts that the lowest or ground Multiplet Is a 
state. All recent workers agree that the state is nearly pure ^^2^5/2 
with only slight admixture of other J = 15/2 states, Erath (45) has 
found all eight of the zero field doubly degenerate levels and places 
—2 the experimental multiplet center 145.1cm above the lowest level. 
Four of the upper seven pairs of levels were found at liquid nitro­
gen temperatures for an undiluted crystal and are given in Table 28, 
with Erath's values for comparison. The lowest two pairs of levels were 
also studied at liquid hydrogen temperatures with three different crystal 
dilutions. The zero field hydrogen levels are also listed in Table 28 
with comparison values, where abailable. In all cases the zero field 
values found in this work agree with the other quoted values to well 
within the calculated experimental errors. The ^-assignments of Erath 
(45) and Hellwege et alii (44) for the ground multiplet levels are borne 
out by the polarization of the lines and the electric dlpole selection 
rules at H - 0 and HpC, 
Comparisons of the Zeeman levels in this report with unpublished 
data of Mr, Walter L, Sutherland^ taken with the improved alignment 
method described by Speddlng et alii (48) show that the Wg-W^ splitting 
in the HpC case la 20 to 24% too large. The same splitting in the HsC 
^Sutherland, 0£, cit.. p. 21. 
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Table 28. Energy levels of the ground multiplet at H = 0 
Temp. Er:Y Levels 
Energy in 
this report 
Other reported 
energy values Reference 
20°K 1:50 W3,W4 (0,3) 44.54 +0.03 
1:9 W3.W4 (0,3) 44.53 + 0.05 
1:0 (0,3) 44.66 +0.11 44.64 +0.10 (43) 
78°K 1:0 W3.W4 (0,3) 43.9 +3.0 44.0 (45) 
1:0 
*5, *6 (0,3) 74.7 +3.3 74.7 (45) 
1:0 Wy.Wg (1,2) 110.6 +3.5 110.2 (45) 
1:0 Wg.Wio (-1,-2) 171.4 +4.4 172.6 (45) 
case is 1 to 27. too small. Since the (êiaj.ge/®small^ ratio is about 5.7 
this indicates an average misalignment of about 7°. In estimating the 
reliability of the splittings of the excited levels this misalignment 
should be taken into account by using the last column of Table 4 for 
the smaller splitting. The larger splitting is accurate to a much smaller 
percentage. The splitting of the 44cm level in the HpC case is not much 
affected by misalignment and compares well with other published data. 
The effect of crystal dilution on the and levels In Table 23 
is shown in Table 29. The shifts are quite regular and two to three 
times as large as the calculated errors of the levels, so the dilution 
effect is genuine and measurable from the data in this thesis. The 
dilution shifts are probably due to small changes in the crystal field. 
The cause for the (+) and (-) levels in Tables 20 and 23 is unknown. 
92 
Table 29. Effect of crystal dilution on and 
Dilution shifts at magnetic field H 
H:C Levels involved H=1 H=3/4 HZl/2 H=l/4 H=0 
HpC W4(1:0)-W4(1:9) + .08 + .19 + .22 + .06 + .13 
W4(1:0)-W4(1:50) + .38 + .45 + .42 + .40 + .12 
W3(1:0)-W3(1:9) + .16 + .22 + .20 + .19 • 
W3(1:0)-W3(1;50) + .42 + .47 + .47 + .44 
HsC W] 4(1:0)-W3 4(1:9) + .24 + .15 + .13 + .04 
W3 4(1:0)-W3,4(1:50) + .18 + .16 + .27 -.03 
With the 0 cm"l level the extra levels occur only for the 1:9 crystals 
in Multiplets 3 and 13 at H~3/4, but they occur more generally in con­
nection with the 44cra"l levels. Study of Tables 21 and 22 indicates that 
the extra levels occur more frequently in multiplets having closely 
spaced levels such as Multiplets 3, 4 and 13, and more often with one 
line of a two line Zeeman pattern or two lines of a four line Zeeman 
pattern. Because of the limited number of cases where the (+) and (-) 
levels occur it is impossible to find the selection rules at this time. 
There seems to be no doubt that they arise because of some combination 
energies which appear to become allowed as the magnetic field increases. 
The magnitude of this combination energy is given in Table 30. 
The effect of crystal rotation about the c-axis in the HsC case 
on levels W, to W, was shown in Table 27. The shifts of these levels 
J- 4 
are very small and comparable with the standard deviations calculated for 
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Table 30. Combination energies associated with and levels 
Combination energies at field H 
H:C Er:Y Levels involved H=1 H=3/4 H=l/2 H:i/4 
HpC 1:9 W4(+) -*4(0) + .28 + .31 - -
*4(0) -W4(-) + .24 + .17 
%](+) -*3(0) + .49 + .29 ' +.18 
*3(0) -w^C-) - - — - - - -
1:0 W4(+) -*4(0) + .26 — - -
«4(0) -%%(-) + .26 + .21 + .21 
WgC») -*3(0) + .59 - -
WgCO) -%](-) + .21 + .27 + .24 - -
HsC 1:9 W3,4(+) -*3,4(0) + .18 + .24 +. 36 - -
*3,4(0) "*3,4(") + .25 + .16 + .30 
1:0 W3,4(+) 
S
 1 + .52 + .28 
*3,4(0) -*3,4(-) + .28 + .23 - - --
the levels. Spedding et alii (48) found in a detailed study that the 
rotation shift of the ground levels was too small to measure. 
B. The Infrared Multiplets 
Multiplet 3 has four zero field doubly degenerate levels at 10246.81, 
10249.46, 10271.84 and 10296.69cra"^ (see Table 24). In the HpC case 
these split into eight levels having Zeeman patterns characteristic of 
(0,3), (1,2), (2,1) and (3,0) states respectively. Because of the thick 
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crystal used (3.4cm,1:9) there are some deviations from ideal polariza­
tion patterns. 
in :ha HiC case these eight levels reappear (the last (3,0) rems.ir.s 
ca^encratc) ar.d there are four new levels of the (-1,-2) kinc, "Jhe firs: 
(-1,-2) p.v.ûr l-es between the first (0,3) and (1,2) Levclj.  arc 
si::  levels viihiri 3cm"^ at H=0 so the wavefunctions are badly r.iixed in 
tat; E:.G c^sc. The mining is so severe that the usually degenerate (0,2) 
i_Vols have a large splitting. The second (-1,-2) pair falls practically 
or. top c-f the (2,1) levels at 10271.84cm"^. Since there are no direct 
l-.^C -atri-c elements between (-1,-2) and (1,2) states the ^^mixing is 
siro.-.j  and forbidden lines do not appear until H~3/4. 
l./ .u L.L_. ^ field levels in Multiplet 3 agree well with those given by 
li-r.-g (47) but he . 1 not report the (-1,-2) levels. Erath (43) predicted 
chz si;-: levels closely spaced near 10248cm-1 but not the superimposed 
levels. Kis crystal field calculation placed the second (2,1) and 
(-lj-2) levels 14cur^ apart. 
All levels have been found to characterize Multiplet 3 as a 
J-ll/C :  J. The state is assigned in most theoretical studies 
(45,47.4:). '  
idiltiplet 4 has sharp lines connected with two zero field pairs of 
levels which are nearly superimposed at 12426.46 and 12426.SOcrn"^. These 
leve-s :hcw HpC Zer.ïian patterns characteristic of (-2,3,0,-1) states, 
because of the thick crystal used (3.4mm.1:0) some deviations from 
perfect polarization patterns are found. 
In z:.e I-IsC case the same four levels are found. Because of the 
strong lisC coupling between these four states their wavefunctions are 
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severely mixed even at small HsC fields. The (-1,-2) levels have EsC 
lines allowed because of having mixed in some of the (0,3) states. The 
(0,3) levels, on the other hand, have enough of the (-1,-2) states mixed 
in so that they have a large splitting. As the magnetic field becomes 
large (H"3/4,H"1) some EpC lines are observed, possibly due to mixing 
in some (1,2) states. The high field HsC Zeeman pattern (see Appendix) 
has begun to develop at H=l. 
If the crystal is rotated about 20° from the HpC case toward the 
HpC" case, all eight Zeeman lines are strong in the EsC polarization. 
This appears to be a confirmation of the polarization reversal predicted 
in the Appendix for 30° rotations about the c-axis. 
Erath's experimental values (45) putting the (0,3) and (-1,-2) pairs 
of levels 13.7cm"^ apart at zero field is inaccurate since this 
thesis finds them nearly superimposed. Recent researchers assign a 
J=9/2 state to Multiplet 4, some favoring and some ^^9/2* All 
agree that the true wavefunction is a mixture of all J=9/2 states but 
predominantly the and '^F. Since states of equal J do not cross the 
designation seems better since it proceeds continuously from a 
pure state as the Lande factor, <^4f> is changed from 0 to its 
value for erbium. 
C. Multiplet 6 
Multiplet 6 has been reported by many workers (41,43,44,45) and is 
identified as a state. It was remeasured to study the effect of 
crystal dilution since it is one of the simplest and most easily photo­
graphed of the erbium multiplets. Multiplet 6 has'zero field (0,3) and 
(1,2) levels at 18460.85 and 18488.12cra"^ in the 1:50 crystals. In the 
HpC case these split into four levels which display almost perfect HpC 
Zeeraan patterns. The slight discrepancies in polarization are due to the 
H:C axis misalignment. These lines are made use of in the alignment 
check described in Spedding et alii (48). 
In the HsC case the (0,3) levels do not split measureably. They may 
have a small amount of (1,2) states mixed in at high magnetic fields 
since 3a and 3b lines are found weakly in the EpC polarization. This 
multiplet is an example in which the HpC selection rules apply almost 
equally well in the HsC case. 
D. Multiplet 13 
Multiplet 13 is a closely packed group of lines in the violet 
region of the spectrum. It has been studied for its rotation effect by 
Spedding, Haas, Sutherland and Eckroth (48,59) who located all the zero 
field levels and traced their HsC behavior. 
The zero field (3,0),(2,1) and (0,3) states have been found at 
27504.53, 27509.55 and 27511.78cm in 1:9 crystals in this work. These 
values are very close to the 1:0 energies found by Spedding et alii. The 
six levels from these states are found in the HpC case. Two more HpC 
levels appear which seem to be connected with the (2,1) levels by some 
combination energy, perhaps vibrational. 
In the HsC case ten levels are found. Their energies at H=1 compare 
well with the 1:0 crystal levels given by Spedding et alii. The lines 
from the and Wg levels to the lowest (-1,-2) levels (lines 10a, 10b, 
10c and lOd), normally forbidden, are visible at H=3/4 and H=1 in the EsC 
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polarization. This indicates that the (-1,-2) states have mixed in sori.e 
(0,3) waveiunctions. The photographs published by Spedding et alii  sr.ow 
chat the Zeeraan components of line 10 show variations in thu line inten­
sity which have a 60° period for rotation about the c-axis. In addition 
the inner and outer components of the Zeeman pattern hs-ve .. .axii.iuui und 
minimum intensities about 30° out of phase, just as predicted in the 
Appendix. The (0,3) levels split in the HsC magnetic field indicating 
th^ :  they have mixed in some other p^value wavefunctions. Speeding et 
a".:li  identify Î-Liltiplet 13 as a J=9/2 state which is also indicated by 
this work. 
E. Multiplet 16 
ZetwcLn 29000 and 30000cm ^ there is a group of weak, diffuse linej 
which hrve not heretofore been reported. These lines can easily be 
overlooked if a thin crystal or a high dispersion spectrograph is used 
anJ the pla'-.es not examined too carefully. These lines are virtually 
unchanged hy the use of polarizers or external magnetic fields and do not 
beco '.v.e narrower at low temperatures. They may be vibrational combination 
o 
lines of the "Ptmultiplet for which the pure electronic transitions 
L..:3 forbidden because A J was more than six between the nearly pure 
J 2 states. The lines tentatively associated with crystal 
f ield levels of the ground multiplet in Table 25 do not fit  as well as 
pure electronic lines usually fit ,  which, suggests that they may be 
coaplcd with combination energies. 
2 Hufner (43) has tentatively located the mtultip_ct between 
Multiplets 17 and 18 at 32628cm"^ from measurements of ErCl crystals, 
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but he was unable to find the corresponding state in erbium ethylsul-
phate. The (1,2) state needed for the multiplet may still be 
found by a careful study of Multiplets 17 to 19. 
F. Multiplets 17 to 21 
Multiplet 17 is very similar to Multiplet 6 except that its crystal 
field splitting is larger. The zero field levels (0,3) and (1,2) are 
at 31590.50 and 31633.30cm"^ in 1:9 crystals and at 31590.08 and 
31633.67cm~^ in 1:0 crystals. In the HpC case the multiplet has four 
levels which show a nearly perfect HpC Zeeraan pattern in the 1:9 
crystals. In the 1:0 crystals the patterns are not quite as good. In 
the HsC case the (0,3) levels do not split measureable. For the 1:9 
crystals the same selection rules apply in the HsC and HpC cases for the 
most part. At H=3/4 of the HsC case, lines 2a and 2b which are allowed 
in the EsC polarization begin also to be observed in the EpC polarization. 
This is an indication that ^-mixing has begun. Multiplet 17 shows all the 
characteristics expected of a J=3/2 state and is identified as such by 
Hufner (46) from zero field data alone. The Zeeman study made here 
substantiates this assignment. 
Multiplet 18 has zero field levels belonging to (1,2),(0,3) and 
(1,2) states at 33003.14, 33027.31 and 33111.98cm"^. Six levels are 
found in the HpC case and four in the HsC case. The (0,3) levels do 
not split with an HsC field just as anticipated. Surprisingly, the 
second (1,2) state also has a zero splitting or at least one that is 
too small to measure. There is no doubt of this level being a (1,2) 
state since its HpC Zeeman pattern is the ordinary one for (1,2) states 
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and its lines from the and levels in HsC have about equal intensity 
in the EpC and EsC polarizations. The selection rules are reasonably well 
obeyed in Multiplet 18 considering the thickness of the crystal (3.4mm, 
1:0) except for the lines connected with the lowest (1,2) levels. The 
polarizations of these lines suggests the possibility of more than one 
doubly degenerate state at 33003cm"Recall that both Multiplets 3 and 
4 contained superimposed levels. 
Multiplet 19 has two zero field levels at 33201.4 and 33434.6cm"^ 
but these are based on only two unpolarized lines and must be considered 
doubtful. Hufner combines Multiplets 18 and 19 into a single multiplet 
with J=13/2. If Multiplet 18 is considered alone its J-value is at least 
11/2 and may be greater if there are superimposed levels as suspected. 
If the two multiplets are combined the lines in Multiplet 19 could be 
lines from the W3 and levels to (-1,-2) states, to give a J-value for 
the combined multiplets of at least ll/2. The question of the J-values 
for these two multiplets is still uncertain at this time. 
Multiplet 20 has a zero field level of the (1,2) type at 34110.Ocm"^. 
There may be another state superimposed at this energy and a third level 
at 34033.8cm~^ of the (-1,-2) type. The polarizations of this group of 
lines are unusual. The J-value of Multiplet 20 is at least l/2 but 
probably 3/2 or even 5/2. 
In order to clear up the uncertainties in Multiplets 18 to 20 they 
should be carefully reexamined. Polarized zero field spectra taken at 
N2 temperatures with a medium dispersion instrument would aid in locating 
zero field energy levels. Zeeman spectra taken at H2 temperatures might 
also reveal (-1,-2) levels and superimposed levelsi especially if taken 
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at various rotation angles. 
Multiplet 21 has zero field levels belonging to (1,2) and (0,3) 
states at 34925.59 and 34958.47cra"^. These split into four levels in 
the HpC case and three levels in the HsC case. The selection rules are 
reasonably well obeyed considering the crystal thickness (3.4tnm.i:0). The 
J-value of this multiplet is at least 3/2 but less than 9/2. : 
G. Multiplets 22 to 30 
Multiplet 22 contains (-1,-2),(1,2) and (0,3) states at 36414.6, 
36541.6 and 36611.7cm~^. Hufner (46) reported another (0,3) level not 
found in this work. While (-1,-2) states are easily overlooked, the (0,3) 
states should stand out clearly. Since the second (0,3) state does not 
show up in this work its existence is doubtful. The closest multiplets 
requiring two (0,3) states are the Predicted at 33964cm ^ and the 
2  2  - 1  
combination of ^\\J2 ^11 f2 Predicted at 40419cm" . The J-value of 
Multiplet 22 is at least 5/2 but less than 9/2. 
Multiplet 23 contains (1,2) and (0,3) states at 38668.9 and 38681.3 
cm ^. Hufner found the (0,3) state at 38713cm"^ but the observed line 
energies and polarizations leave little doubt that the values given here 
are correct. The J-value of this multiplet is at least 3/2 but less than 
9/2. 
Spectra from Multiplet 24 onward toward higher energies were unpolar-
ized. This makes it impossible to distinguish the (1,2) and (0,3) states 
from one another. Multiplet 24 has levels at 39067.8, 39141.4 and 
39201.1cm ^. The last level belongs to a (-1,-2) state since its lines 
from the and W2 states are absent. The J-value of Multiplet 24 is 
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at least 5/2 but less than 9/2. 
Multiplet 25 consists of a very broad region of strong absorption 
with very little resolvable structure. One more or less isolated line 
on the blue side of the main absorption band accounts for the level listed 
at 39448.9cm"l. A large number of lines may overlap in the strongly 
2 2 
absorbed region. Hufner predicts the and states near this 
energy. 
Multiplet 26 is a cluster of lines near the blue edge of Multiplet 
25. Three levels have been found at 39573.7, 39595.9 and 39755.8cm 
The last level is probably a (-1,-2) state since the lines from the 
and Wg levels are not observed. The J-value for Multiplet 26 is at least 
5/2 but less than 9/2. 
Multiplet 27 has energy levels at 41136.8, 41233.7 and 41276.Ocm"^. 
The second level is most likely a (-1,-2) state since its lines from 
and Wg levels are absent. The J-value for Multiplet 27 is at least 5/2 
but less than 9/2. 
Multiplet 28 consists of three lines at 41623.3, 41767.9 and 41793.4 
cm~^. It is possible that one of these lines may correspond to transi­
tions from the and levels to an excited (-1,-2) state but there is 
no way to tell which line this is. The J-value of Multiplet 28 is at 
least 5/2 but less than ll/2. 
Multiplet 29 contains levels at 42356.5 and 42379.2cm ^. Its J-value 
is at least 3/2 but less than 9/2. 
Multiplet 30 is the last multiplet found in the ultraviolet in this 
work. The lines are faint and impossible to measure accurately because 
of the uncertainty in identifying the weak iron arc. lines. The three 
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levels listed at 43541.7, 43648.7 and 43661.7cm"l should be considered 
as tentative. The J-value for Multiplet 30 is at least 5/2 but less than 
9/2. 
H. Fitting of the Ultraviolet Multiplets 
Previous calculations (45,46) of the crystal field splitting of the 
ultraviolet multiplets have used intermediate coupling wavefunctions in the 
LSJJg quantization as the starting point. However the secular determinants 
in the PWF quantization provide an easy method to take into account second 
order crystal field interactions directly. The secular determinants were 
solved in the PWF quantization by Mr. W. J. Haas using the parameters: 
F2 = 433.640, F^ = 67.522, F^ =• 7.090, = -2471, A = 125.800, 
B =» -81.190, C =» -31.060 and D » 387.190, all in cm"^. The results of 
this calculation for the ultraviolet levels are given in Table 31 where 
they are matched with the experimental levels of Tables 24 and 25 (60). 
Most of the ultraviolet levels fit quite well into the calculated crystal 
field pattern, if we overlook the fact that the multiplet centers are 
often some hundreds of cm"^ away from the predicted values. Hufner's 
(46) identification of J-values for the levels observed in erbium ethyl-
sulphate are substantiated except for Multiplet 23. However the multi-
plets he observed in erbium chloride (the P^yg multiplet and the 
multiplets beyond Multiplet 23) were not borne out by this work. 
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Table 31. Comparison of experimental and theoretical ultraviolet energy 
levels 
Experimental data Theoretical data 
Mult. Energy of Difference Difference Mult. 
no. n level(cm" in energy in energy center State 
16 7 29895.4 0.0 0.0 1,2 33763.8 
^^1/2 
17 0,3 31590.50 0,3 
42.80 43.91 32195.2 
^^3/2 
1,2 31633.30 1,2 
J  6
18 1,2 33003.14 1,2 
24.17 26.25 
0,3 33027.31 . r 0,3 
1 1 33.77 
- ^ 84.67 -1,-2 
50.90 
1,2 33111.98 < 
^ 15.52 
1,2 33002.1 
^*13/2 
- -
-1,-2 
' "99.5 59.42 
-
- 0,3 
14.84 
19 ? 33201.4 1,2 
1 33434.6 0,3 
- 68.69 2 
-
-
31.60 
-1,-2 34119.2 G5/2 
-
-
- 1,2 
20 -1,-2 34033.8 ^ 1 -1,-2 
47.65 
- - 1 -1,-2 
> 76.0 < 28.20 34802.4 G 7 / 2  
0,3 (34110.0) f 0,3 
// 6
0.04 
1.2 34110.0 J 1,2 
21 -1,-2 
- 13.74 0 
1,2 34925.59 1,2 35052.3 »5/2 
32.88 29.31 
0,3 34958.47 0,3 
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Table 31. (Continued) 
Experimental data Theoretical data 
Mult. Energy of Difference Difference 
H level(cm"1) in energy in energy no. 
Mbit. 
center State 
22 -1,-2 
• " I  ^ 127.0 ^ 
( 78.74 
^ 15.76 
-1,-2 
0,3 
1,2 36541.6 J 1,2 37462.0 ^H9/2 
70.1 85.79 
0,3 36611.7 
- 4.40 
0,3 
-1,-2 
23 1,2 38668.9 
0,3 38681.3 
12.4 8.77 
16.75 
94.17 
1 , 2  
0,3 
- 1 , - 2  
- 1 , - 2  
0,3 
1 , 2  
- 1 , - 2  
0,3 
1 , 2  
- 1 , - 2  
39821.8 °7/2 
24 
? 39067.8 
? 39141.4 
-1,-2 39201.1 J 
73.6 
59.7 
13.49 
33.18 
43.95 
47.66 
15.55 
40564.7 11/2 
25 Broad 
Absorption 
Band 
4.09 
28.08 
- 1 , - 2  
1,2 39292.1 ^3^2 
0,3 
105 
Table 31. (Continued) 
Mult, 
no. 
Experimental data Theoretical data 
Energy of Difference Difference 
H, level (cm" in energy in energy 
Mult. 
center State 
25 39448.9 
26 ? 39573.7 j 
1 39595.9 
-1,-2 39755.8 
27+ ? 41136.8 
-1,-2 41233.7 
1 41276.0 
1,2 
22.10 
0,3 ! 
30.45 
124.8 •( 
74.01 
29.40 
-1,-2 
-1,-2 
2 
21.50 
0,3 
1,2 
40879.7 
^7/2 
I 7.00 
1,2 
22.2 34.61 
0,3 
159.9 91.88 
-1,-2 
0,3 
14.92 
96.9 
00.28 
1,2 
-1,-2 
42.3 50.27 
8.12 
1,2 
0,3 
43483.7 2t 
^13/2 
21.72 
-1,-2 
112.50 
0,3 
28 ? 41623.3 
1 41767.9 
? 41793.4 
29 1 42356.5 
1 42379.2 
144.6 
25.5 
148.9 
11.58 
1,2 
0,3 
1 , 2  
0,3 
43787.3 P 3/2 
22.7 20.6 42979.9 D 3/2 
Table 31. (Continued) 
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Experimental data Theoretical data 
^&]lt. Energy of Difference Difference 
no. n level(cm"in energy in energy 
Mult. 
center State 
30 
Î 43541.7 
-1,-2 43648.7 
? 43661.7 V 
107.0 
> 13.0 
0 . 3  
1,2 
- 1 , - 2  
0,3 47360.1 ^L^5/2 
- 1 . - 2  
1 . 2  
and 
0,3 47550.4 H 
- 1 , - 2  
- 1 , - 2  
1 , 2  
1 , 2  
0,3 
0,3 
9/2 
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VI. CONCLUSIONS 
A. New Levels Measured 
Table 24 gives the magnetic behavior of 17 levels not given by 
Smith (43) or Hellwege «t alii (44). Together, Tables 24 and 25 list 24 
pairs of levels at zero field which are not given by Smith, Hellwege et 
alii, Erath (45, Hufner (46) or Wong (47) in erbium ethylsulphate at any 
dilution. This number includes superimposed levels not previously known 
to be such. 
B. Comments on the Selection Rules 
The Appendix develops selection rules applying to the HsC case when 
the ^-mixing becomes large. At the magnetic fields used in this work most 
levels have not undergone appreciable ^ -mixing. For such levels the 
selection rules for the HpC case apply just about as well in the HsC case. 
However, there are instances of superimposed or nearly superimposed levels 
where the HsC selection rules are needed even at low fields. One has a 
striking example of this in Multiplet 4 where (-1,-2) and (0,3) states 
are superimposed. A similar case of (-1,-2) and (1,2) levels superimposed 
in Multiplet 3 does not require HsC selection rules until H=3/4 because 
there are no direct magnetic elements connecting the superimposed states. 
The 30° phase between inner and outer components of a Zeeman pattern 
predicted in the Appendix is observed for at least one set of (-1,-2) 
levels in Multiplet 13. 
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G « Future Work Required 
Future work on the absorption spectra of erbium ethylsulphate should 
be aimed at specific problems which remain untested or unaccounted for by 
the theory. The knowledge of the ultraviolet levels and their Zeeman 
splittings Is still less than what is needed to allow unambiguous assign­
ment of J-values to every multiplet. The selection rules developed for 
the HsC case require further testing, especially for closely packed and 
superimposed levels. 
Among the outstanding theoretical problems is the fitting of the 
ultraviolet levels. Significantly better fits will probably require the 
addition of more terms to the Hamlltonlan. The separation of the secular 
equation into two parts in the HsC case, as outlined in the Appendix, 
should spur the work of calculating and fitting HsC splitting factors. 
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APPENDIX: SELECTION RULES FOR THE HsC CASE 
If one assumes that the C^^ ligand field symmetry is approximately 
^3h* can develop selection rules for the special cases of an HsC 
magnetic field which either is parallel to a C^ axis or is perpendicular 
to a 0"^ plane of the group. 
The symmetry group of a uniform magnetic field is (58). This 
group contains all finite and infinitesimal rotations about the H-axis 
and also a reflection plane perpendicular to the H-axis. The reflection 
operation is allowed because of the pseudovector nature of H. If an 
external magnetic field is added to the ligand field the symmetry group 
of the whole Hamiltonian is that group made up from elements common to 
^3h ^ooh' Figure A-1 shows stereographic projection figures for the 
HpCg case. The elements common to both groups in this orientation are 
E and C^ which form the C2 group. The symbol Cg will be used for this 
group and C for its axis to avoid confusion with the C-axis of the 
and Cg^ groups. 
The character table for the Cg double group is given in Table A-1. 
Certain features of the character table are noteworthy. The presence of 
two regular and two specific irreducible representations indicates that 
eigenfunctions of the group can be divided into two non-coupled sets. 
Since the characters C and D are complex conjugates, eigenfunctions i'" (C) 
and (D) are Kramers' conjugate states. Hellwege (61) reached this con­
clusion without group theoretical arguments. Eigenfunctions of erbium 
transform according to C and D, eigenfunctions of thulium according to 
A and B. 
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Figure A-1. Superposition of and groups in the C^^pC^ case 
Table A-1. Character table for the double group 
Irreducible Group elements Transformation properties 
representations and characters of dipole radiation and 
erbium eigenfunctione 
E R RC^ 
A  1 1 1 1  E . D .  a n d  M . D .  p  t o  C  
B  1 - 1  1 - 1  E . D .  a n d  M . D .  s  t o  C '  
C 1 i -1 -i '(C) 
D 1 -i -1 i '(D) 
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The selootlon rules for dipole radiation between /'  ' (C) inc! f" (D) 
eigsnfunctionc are found in the usual manner (62,63). T:.i  rcnu.Vis fo.:  
eioctric clipole radiation are shown in Figure A-2. rr. l ' :  ;  .-:r . thi;  •; 
shown in parentheses between the electric vector E and the C-axir.  aov 'y 
when the propagation vector of the l ight is perpendicular to both tho 
C-.i: : is and the H-axis.  Such a situation applied v.: thir- work in the 
work by Spedding et  alii  (48). 
J.f the magnetic field is perpendicular to one of the pl '-ics tbo 
symnetry of -he Hamiltonian is no longer but instead is • T-h-' .s 
s i tuation is il lustrated in Figure A-3. The character ta '- ' .cs for the C[\ 
double group is given in Table A-2. The remarks on the c' ' ."rr.c.t ' :r  
t ' lble apply altro to the C" table. In fact,  the tables differ only in 
Ih 
the group classes which label the columns and in the clc.ssificr.t : ,on cf 
electric dipole vectors.  The electric dipole selection rvlcs are 
in Figure A-4. 
So far,  nothing has been said about the form cf the ei^enf' .T.ct: 'ons 
(C) and y" (D) except that they must be Kramers'  conjugate sta^3s, In 
order to form a basis for these eigenfunctions the original Tust be 
recombined in a suitable way. The recombined PWF's m-jst ro:;ain ortho-
normal. Also, matrix elements of the Hamiltonian (HsC terras included) 
taken between the recombined PH-JF's must allow them to be separated into 
•c\ 'o dictincL ucM-connected sets.  I t  has been fount", nt .cesaary to use. 
different recombinations for the HpC' and HpC" cases. For the HpC case 
the recombir-.id PViT's can be chosen as follows: 
YXki.i)  = -f- [(^,i)  ± (w=,i)] (A-:.)  
'  t  V 2  
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EpC EsC EpC 
(EsC) (EpC) (EsC) 
Figure A-2 Electric dipole selection rules for C^ symmetry 
Figure A-3. Superposition of and C,^ groups in the Cj^sa^ case 
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Table A-2. Character table for the C^^ double group 
Irreducible Group elements Transformation properties 
representations and characters of dipole radiation and 
erbium eigenfunctions 
E 
'^ h R 
Â 1 1 1 1 E.D. s to 
( 
C", M.D. P to C" 
B 1 -1 1 -1 E.D. p to C", M.D. 8 to C" 
C 1 i -1 -i "(C) 
D 1 -i -1 i "(D) 
EpC" EsC" EsC" 
(EpC) (EsC) (EpC) 
Figure A-4. Electric dipole selection rules for C'^^ symmetry 
119 
For the HpC" case the recombined PWF's can be chosen as below: 
V [(u.i) ± i (w=,l)] (A-2) 
In these equations (y,i) is the i-th PWF of the u-set and (w^\i) is the 
M^Mg-coPWF formed by reversing the signs of all m^'s and all m^'s and 
rearranging to standard order. Only even values for p and odd values for 
need be taken to obtain 364 recombined PWF's, Hellwege (64) and Murao^ 
have suggested recombinations resembling those above to separate the HsC 
secular equation into parts. 
One can show by straightforward but lengthy calculations that the 
recombined PWF's form an ortho-normal basis and that all except HsC matrix 
elements vanish between any two^(^(y,i) if either the + signs or y-values 
are different. The HsC matrix elements may connect recombined PWF's 
when y or y^ differ by +1, However, (and this is critical for the separa­
tion of the secular equation) for a magnetic field parallel to C' (along 
the X-direction) the^^(y ,1) are separable into two non-coupled sets. 
Likewise, with the magnetic field parallel to the C!^^ axis (along the 
Y-direction) the Y(^(y,1) are separable into non-coupled sets. The posi­
tions of non-zero HsC matrix elements are shown by lines connecting sets 
of recombined PWF's in Figures A-5 and A-6, 
One can now compare the Zeeman polarization patterns in the HpC and 
HsC cases. Figure A-6 indicates that for the HpC case there are three types 
of patterns for electric dipole transitions out of the (-1,-2) levels at 
^Murao, Tsuyoshi, Ames, Iowa. Absorption lines of rare earth ions 
in ethylsulfate under external magnetic field at very low temperatures. 
Private Communication, 1963, 
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Figure A-5. Non-zero HsC matrix elements between!^+(u,l) 
Figure A-6. Non-zero HsC matrix elements between y^(u,l) 
0 cm'l, depending on the ^-values of the conjugate excited levels. The 
three types of patterns are shown in the first part of Figure A-7'. The 
Zeeman polarization patterns for low, moderate and high HsC cases are also 
given in the same figure. The changeover from the HpC (and H=0) case to 
the low, moderate and high HsC cases takes place gradually for most levels 
and occurs for reasons which follow. Murao, Spedding and Good (50) have 
tackled the HsC problem with perturbation methods and their results are 
summarized in their tables. 
The degenerate conjugate states at H=0 can be expressed in terms of 
the recombined PWF's or y"' of Equations A-1 and A-2. For small values 
of HsC only states which are degenerate or nearly superimposed at H=0 will 
interact strongly by means of the HsC matrix elements. Thus only the 
elements represented by vertical lines in Figures A-5 and A-6 need to be 
taken into account at small values of H. These elements will give a Zee-
man splitting which is linear in H for (1,2) and (-1,-2) states but no 
splitting for (0,3) states since these are not connected by HsC matrix 
elements in Figures A-5 or A-6. The eigenfunctions for small values of 
HsC will contain n and PWF's only and it turns out that the selection 
rules will be identical with the HpC rules so both these cases have the 
same Zeeman patterns in Figure A-7. 
As the magnetic field is increased, one reaches the moderate HsC 
case, in which matrix elements connecting states which are neither de­
generate nor superimposed must be taken into account. These are the 
remaining matrix elements of Figures A-5 and A-6. The magnetic variation 
of the levels will show second order terms in H. Eigenfunctions will 
then consist of mixtures of any postâtes which are connected by HsC 
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HpC and low field HsC cases Zeeman patterns 
S  1 p  p y  5  ' I I I 
I / 
; Î 
Excited wavefunctions: 
y^d), y(2) y(o.), y(3) 
HpC', moderate field case Zeeman patterns 
Excited wavefunctions: 
al^ '; (2)+by; (0) aY% (2)+by; (0)+cy; (-2) 
i i  ^  
ayi(0)+by%(-2) 
HpC, high field case Zeeman patterns 
Excited wavefunctions: 
av;(2)+b«/';(o)+cy;(-2) Same Same 
Figure A-7. Zeeman patterns for HpC, HpC low field and HpC high field 
cases for electric dipole transitions out of the lowest 
(-1,-2) state 
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elements.  Thus states which are pure (1,2) in the HpC case wi?J. h-.ve sots 
(0,3) states mixed into them, (-1,-2) states will  have son? (C,3) 
mixed into them, and (0,3) states will  have both anC (-1,-2) sLafos 
mixed into them. Under these circumstances the Zeeman pclirizrcio-^ 
patterns will  appear as shown in the second part of Figure A-7. 
As the magnetic field is further increased the fi . .  ?_d HsJ ca?e 
will  be reached. In this case the eigenfunctions contain about equal 
amounts of states from each | i-set and a single type of "eerr?.n pclarir. î . t ion 
pattern applies to all  levels,  as shown in the third part of Figv.r-. ' ' .  . ' -7.  
Xlie transition from low field HsC to moderate and high y-C 
cases will  not occur for most levels until  the magnetic field is 
larger than corMOnly used in rare earth absorption work. M;.-re . er ,  c;. ' .-  ??ly 
rpaced levels may develope the moderate and high field charac^erictlrc 
'"id selection rules at relatively low values of magnetic ::ie%d on :  •.t . ' ;  
of the denominator (Ej-Ej) in the perturbation formulas. A fe'-r s 'ZTikii  
eyamples of the development of moderate HsC selection ri  c.::?.  found in 
t ' j l t ipl^t 13 where the levels are closely packed together ar.d in Kj' . t : .-
plets 3 and 4 where levels are nearly superimposed, "he ciscuc, . ' .on of 
these multiplets shows that the selection rules for the HsC care arc 
verified er.perinentally. 
Some of thn Zeeman patterns of erbium ethylsulphate show a 30^ 
pcriodir ' . ty to rotation of the crystal about the C-axi^ ir ,  "-C ;  
fiild. Figures 3 and 4 in Spedding et  alii  (48) show er.av.iplcc of this 
behavior in .\ 'v.l t iplets 4 and 13. Murao, Spedding and Good (53) predicted 
this behavior for every l ine by perturbation methods. The group theo­
retical methods used here predict the same effect.  Comparison of the 
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selection rules Illustrated in Figures A-2 and A-4 shows a reversal of 
the EpC and EsC electric dipole selection rules. These two figures apply 
to the HpC and HpC" cases, respectively which apply alternately every 
30° as the crystal is rotated about the C-axis. The reversal may occur 
for all the patterns shown in Figure A-7, whether the HsC field is of low, 
moderate or high magnitude. • 
More than half of the lines observed under various rotations do not 
show the reversal of polarization. The polarization reversal will be 
observed whenever the eigenfunctions of both ground and excited states 
retain the same character for the and C'^'^ groups, or if both the ground 
and the excited eigenfunction change their characters. If one of the 
terminal eigenfunctions changes its character but not the other the 
reversal of polarization will not be observed. 
To facilitate the study of the HsC selection rules a close examina­
tion must be made of the transformation properties of the basis functions 
given in Equations A-1 and A-2. A single set of basis functions combining 
Equations A-1 and A-2 would be very useful. 
